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Abstract

A central obstacle in welfare economics is the assumed impossibility of interper-
sonal preference comparisons. This paper derives intersubjective comparability
of valuations as a structural property of monetary exchange, rather than as a
normative assumption or an implication of preferences under risk. We model
money as a role-based coordination mechanism in which buyer and seller roles
compose in two distinct ways: externally, through the exchange of goods and
money, and internally, through the coordination of both roles within a single
trading subject. Requiring these two modes of composition to be mutually con-
sistent uniquely determines a linear utility representation — the quasilinear form
standard in mechanism design — and under equal budgets and equal access to
alternatives, this structure renders individual valuations intersubjectively com-
parable. We term these joint requirements the ’comparable valuation condition’
The framework clarifies both the reach and the limits of monetary comparison:
willingness to pay becomes a valid welfare signal precisely when the condition
holds, and breaks down in characterizable ways — due to budget inequality,
non-substitutable goods, or preference distortion — when it fails. The same
mechanism that enables decentralized coordination and organizational scaling
also creates structural possibilities for exploitation and preference manipulation,
explaining the ambivalent character of money. Finally, we argue that using pref-
erences as a model of free decisions — which our derivation requires — forecloses
their direct interpretation as welfare indicators. This tension, rather than being
a limitation, opens a more honest and productive agenda for welfare economics.
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1 Introduction

There is a strong tradition in mainstream economics, that interpersonal comparisons
of economically relevant preferences is meaningless, as the relevant measurement scale
is of ordinal nature and it is assumed that no universal, interpersonal yardstick can be
provided. In his historical perspective on this issue, Stavros Drakopoulos (Drakopou-
los 1989, 2024) states that “the majority of economists are prepared to declare that
interpersonal comparisons [with respect to utility] are not possible.”

One popular quote is that of Lionel Robbins, who stated in (Robbins 1938) that
Zevery mind is inscrutable to every other mind and no common denominator of feeling
is possible” — and thereby repeated William S. Jevons’ statement from 1871 (Jevons
1957, p. 14) almost verbatim. Kenneth Arrow wrote in his famous dissertation (Arrow
1951, p.9) that ”interpersonal comparison of utilities has no meaning and, in fact, that
there is no meaning relevant to welfare comparisons in the measurability of individual
utility.” Roger B. Myerson still stated in 1985 (Myerson 1985, p. 238) “Interpersonal
comparisons of utility cannot be given decision-theoretic significance. That is, there
18 no decision-theoretic meaning for a statement such as ’a movie gives me more
utility than an opera gives you’” And even Amartya Sen, who was "much concerned
with incorporating different ways of making interpersonal comparisons and their far-
reaching consequences on what is permissible in welfare economics” (Sen 2008), stated
in 1999 (Sen 1999, p.68) "If different persons have different preferences (reflected in,
say, different demand functions), there is obviously no way of getting interpersonal
comparisons from these diverse preferences”.

If this were true, economics would face a severe dilemma. How should it say
anything sensible about the distribution of scarce but exchangeable goods based on
the preferences of the people, without being able to relate these preferences to one
another?

John C. Harsanyi (Harsanyi 1955) and Amartya Sen (Sen 2017) made two dif-
ferent attempts to provide a solution to this dilemma. As we outline in Section 8 in
more detail, John C. Harsanyi derives comparability from structural equivalence of
individual and social preferences under risk, as expected-utility aggregation, thereby
adding non-trivial assumptions about the form of preferences. Amartya Sen’s concept
of social welfare functionals accepts comparability as a normative input parameter,
giving a flexible framework but not a derivation. Neither grounds comparability in
the structure of exchange itself.

This is where our contribution steps in. Rather than treating money as a numéraire
or utility proxy, as is standard in economics, we model it as an interactional mecha-
nism that structures exchange relations and facilitates coordination among interacting



subjects. Our novel approach is based on the insight that neither the economic sub-
jects nor their interactions can be modeled independently. So we resort to one common
building block that we call a 'role’ for modeling both the subjects as well as their inter-
actions, and to couple these roles in two different and complementary ways, namely
externally (coupling to trade-protocol interactions, the edges of the graph) and inter-
nally (coupling to the economic subject as a trader, the nodes) within a virtually
infinite graph of economic relations.

In Sections 3-6 we analyze the ensuing network of economic relations with mone-
tary trades as a sequential exchange game, a stepwise interaction between buyer and
seller roles — and show that additionally requiring subjects to coherently coordinate
both roles as a trader uniquely pins down the required linear utility representation.
This is Theorem 2 of the paper, and it is the formal engine driving the comparability
results. Our central claim is that intersubjective comparability of valuations emerges
as a property of role-based monetary interactions of subjects under the constraint of
equal budgets and opportunities, which we call the ’comparable valuation condition’,
rather than as an assumption concerning subjects.

We essentially apply the measurement theory of David H. Krantz, R. Duncan Luce,
Patrick Suppes and Amos Tversky (KLST) (Krantz et al. 1971), according to which
the presence of a second dimension, like money, together with some independence
assumptions leads to a possible interval scaling of an otherwise only ordinally scaled
quantity.

Our results apply to material preferences, those guiding our decisions within a
monetary exchange of substitutable goods — and the comparable valuation condition
is demanding. When it fails, due to budget inequality, non-substitutable goods, or
preference distortion, the comparability breaks down in precisely characterizable ways.
This is more useful than either treating comparability as universally impossible or
importing it as an ungrounded assumption.

Quite relevant for welfare economics, we argue in Section 7 that despite our pro-
posed 'quasilinear’ utility representation, our model retains the possibility to represent
wealth effects by allowing our valuation to naturally depend on the available budget
in a single trade interaction.

We also discuss how the ideas of mechanism design, where this utility model is
ubiquitous (Borgers 2015, p.7), are used to develop empirical tests of the validity of
the quasilinear money model.

We extend our model of a trade, in Section 10.3, to the important case where there
is also a discretionary component on the seller side. The most important example here
is the employment relationship as the 'trade of labor’.

In Section 9 we discuss how our approach relates to the traditional welfare-
economic concepts of Pareto efficiency, willingness to pay, cost-benefit analysis and
the measurement of utility difference with money metric functions.

In our last Section 10 we use the logical impossibility to accept our proposed
money model and interpret preference-based utility as a direct measure for welfare at
the same time as a mandate to propose a broaden scope of welfare economics.

We also extend our model of a trade with a discretionary component also on the
seller’s side for the important case of 'trading work against salary’. As a consequence,



two important recursive effects on the preference relations become important that
might influence salary determination.

Also, as the monetary layer cannot be cleaner than the preference layer beneath it,
substitutability comes into our focus, or more precisely, the fact that with the money
mechanism we construct a partial space of comparability where outside no coherent
scalar measure of trade-off exists. In particular, the proposed model of the money
mechanism explains the ambivalent character of money. With the same function that
enables social cooperation, decentralized coordination, and organizational scalability,
the money mechanism creates the structural possibilities for exploitation, depen-
dency, and preference distortion. These two sides of the coin suggest that monetary
mechanisms must be embedded within carefully designed institutional contexts.

And finally we stress the contribution of our model to our concept of truly free
decisions, which can be diminished due to external coercion and internal manipulation
of our autoregulation system, for example by drugs or rewards. We introduce two well-
known complementary properties of the linear utility representation as evidence for
the tension of the money concept, which we term ’Athena-Invariance’ and 'Hermes-
Desire’. If money worked according to our model, then by Hermes-Desire, money is
particularly well suited as a reward in the psychological sense, tainting our preferences
by shifting our motivations towards the outside. And by Athena-Invariance we perhaps
have a sensitive schema to detect preference tainting, as money should not influence
our preference relation of material goods. As truly free decisions do play such an
important role for economics as such and for us as human beings as well, it would be
a decent goal for welfare economics to investigate this subject further.

In summary, Sections 2-6 build the formal core, Sections 7-9 connect it to existing
literature, and in Section 10 we try to suggest some starting points for broadening
the perspective of welfare economics

2 A model of the economically acting subject

The economic interactions we wish to model have a sequential, stepwise structure
familiar from extensive-form game theory. A trade between buyer and seller proceeds
through a fixed sequence of moves: the buyer places an order; the seller accepts or
rejects; on acceptance, the seller delivers the good; the buyer pays. Each party has one
or more free decisions (to order or not; to accept or reject) and one or more enforced
decisions (to pay upon delivery; to deliver upon acceptance).

This is the structure of a two-player sequential game with a predetermined proto-
col. Our formal model captures this using I/O-automata — finite-state machines that
are a standard tool for modeling protocols with state, sequential steps, and nondeter-
minism resolved by decisions. The reader familiar with extensive-form games will find
the concepts directly analogous: states correspond to game nodes, transitions corre-
spond to moves, and the free decisions at nondeterministic transitions correspond to
the choices available to each player at their decision nodes.



2.1 Interactions and coordination of the economic subject

We model the economic world as a virtually infinitely scalable network of economically
interacting subjects, a section of which we show in Fig. 1. Thus, we propose to model
this network as a graph, where the nodes are the subjects, and the edges are the
interactions.

Fig. 1 A section of the infinitely scalable network of economically relevant interactions.

Beyond traditional network theory in economics or organizational psychology (e.g.
Borgatti and Foster 2003), our model takes into account that the nodes (economic
subjects) and the edges (economic interactions) of this graph cannot be modeled inde-
pendently: we cannot describe the interactions without referring to the participating
subjects, nor can we describe the subjects with their behavior without referring to
their interactions.

The key idea, taken from computer science (Reich 2022, 2023), is to use a projection
of the subjects, which we call a 'role’ inspired by Erving Goffman (Goffman 1959), as
the common building block for composing both the edges as well as the nodes of this
graph.

The roles of different subjects compose — or, equivalently, couple — ’externally’ by
the exchange of information, goods, or money, resulting in an “nteraction’, the edges
of the graph. In informatics, another term is ’protocol” (Holzmann 1991; Desai et al.
2005).

The roles of a single subject couple ’internally’ by what we call a ’coordination’,
resulting in a (more complete) economic subject, a node of the graph. In game-
theoretic terms, this internal composition of roles corresponds to a player participating
in multiple games simultaneously, with decisions in one game potentially constraining
or determining decisions in another.

2.2 The role model in mathematical terms

We describe the role model and its internal and external composition in detail to
make the decision-making concept in economic interactions clearer and thereby the
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Fig. 2 The two different ways roles can compose correspond to two different perspectives. They
either compose externally, creating an interaction (part A) or internally, creating a coordinating
subject (part B).

relevance of the preference (and hence, utility) concept for modeling our free decisions
later on.

We model a role as a discrete, stateful, and nondeterministic input/output
transition system together with a success criterion as an input/output-automaton
(I/O-A)L.

Thus, an I/O-automaton consists of three sets of characters, I, O and (non-empty)
Q, so-called ’alphabets’, for input, output and internal state values, a start state ¢g, a
transition relation A C I€ x O° x Q x Q, where I = I U{e} and O° = O U {e} with
€ the empty character. In case of finite interactions, the success criterion is the set of

final states or ’outcomes?®.

Instead of (i,0,p,q) € A, we also write p 'L/(; q. In this model, a character might
not carry any other semantics than being distinguishable from all other characters of
its alphabet, being information in the sense of Claude E. Shannon (Shannon 1948),
but it could also denote some ’real-world’ entity like apples.

Why do not we use the extensive game structure instead of the I/O-automata,
probably more familiar to an economically educated readership? Crucially, for our
purposes we need a subject representation which explicitly allows for two different
couplings — or compositions: An external coupling by character exchange, and an
internal coupling by coordination. This cannot be represented in the extensive game
structure, which abstracts away from the interactions and therefore cannot be used
to distinguish the two composition operations. Both are structurally necessary for our
central uniqueness result of Theorem 2 later on.

We can derive the extensive game form from the I/O-automata by equivalence
class construction, in such a way that all state values that can be reached under the
same decision are considered equivalent as introduced in the next section (Reich 2022).

n the informatics literature, such an I/0O-A is also called ’transducer’, or, in the deterministic case,
’Mealy’-automaton.

2For infinite interactions, the appropriate success criterion generalizes the notion of a game’s terminal
payoff to sets of states visited infinitely often (for example as Muller acceptance) (Farwer 2001). In this
paper, all relevant interactions are finite, so this generalization is not needed and the reader may safely
ignore it.



2.3 Decisions of the economic subject

In general, the interactions will be nondeterministic, stateful, and asynchronous. They
are nondeterministic and asynchronous because anything else would not scale, and
stateful because otherwise nondeterminism would imply complete randomness.

In a nondeterministic transition relation, for a given input 7 and an internal state
p, there could be several possible transitions that lead to different output characters
o and new internal states q.

The transition relation can be determined with an additional alphabet D that is
disjoint from I U O U @ so that each nondeterministic transition is complemented by
a unique character d € D. We call these extra characters d € D ’decisions’ and the
complemented I/0O-A a “decision automaton’.

As the transition relation of a decision automaton is deterministic per construction,
the decision automaton determines a ‘transition function®. In this model we can say
that the nondeterminism of our interactions leaves us the freedom to determine our
actions with our decisions.

We call a decision ’free’ if it is not determined by the success criterion of the
interaction and ’enforced (by the success criterion)’ otherwise. Investigating how we
make our free decisions constitutes the genuine economic part of this article. For this
purpose we introduce a model of our mind in Section 4.

3 Interaction and coordination: the composition of
buyer and seller roles to trade and trader

We now instantiate the general model with the two most fundamental economic roles:
buyer and seller. Informally, the trade between them is a sequential game with the
following stages: (1) the buyer decides whether to place an order at a given cost; (2)
the seller decides whether to accept or reject; (3) if accepted, the seller delivers the
good; (4) the buyer pays. The outcome for both is determined by their individual
success criteria — completing the trade on acceptable terms. The formal model below
makes this protocol precise, specifying the states, transitions, and coupling conditions
that ensure the exchanged items and money amounts are the same for both parties.

To describe the roles of buyer and seller more intuitively (and more efficiently), we
introduce a certain abstraction by summarizing the elements of the transition relation
in equivalence classes, the formalism of which can be found in Appendix A. In essence
we parameterize transition classes by a main state, some sent and received documents,
a decision, and a condition.

3.1 Trade as interaction: external composition

In our trade interaction, the external coupling of two subjects in their buyer (B) and
seller (S) roles is created by the exchange of money and a commodity a. The coupling
condition is therefore the identity between B’s cost and S’s revenue which we call
priceq := costB = revenue?, together with the identity of the commodity for B and

3In the sense of (Reich 2022), the decision concept becomes a means to identify an interacting human as
a system by a hypothetically assumed system function.



S and therefore an increment in the quantity n2 and a decrement in the quantity n?
in the handover step:

External coupling: (i) b — b® — price; % — b% + price

(1)

(i) n? = nB +1; nd = nd -1

In Fig. 3, we illustrate the external composition of a seller role S and a buyer role
B to a simple trade interaction for a commodity a.

Buyer B has the state (mod,n,b, val, cost)? with mod® being her mode state
component, n? being the number of desired commodities a, b® being her budget,
val® being her valuation as the maximal amount she is willing to pay for a, and
cost? being her cost she will have to pay to get a. We assume the initial state as
(WISHFUL, 0, by, val ., 'undefined’). B proceeds as follows:

Being in mode WISHFUL B decides @Order, to buy a for some amount of money
costB with by > cost? and signals this transition to S by sending an Order document
with the necessary information to identify a and the amount cost®. Then B awaits
the delivery of the notification of whether S accepts the order or not. In case she
receives a Reject, she transits back to mode WISHFUL. In case she receives an Accept
she transits to mode CONFIRMED, waiting for a. If a arrives, n® is increased by one
and B transits to mode DELIVERED, where she has no alternative than to decide @Pay
to pay, i.e. to hand over the amount of money cost? to S that was determined in step
1 beforehand, by which her budget b® shrinks by this amount while transiting into
mode SETTLED. There B waits for the settlement notification settled. In case seller S
is of the opinion that the trade had not been settled, she transits back to DELIVERED.

A bit simplified, B has to make two decisions*: First, she has to decide @Order,
to buy a for given costs cost®, and secondly, she has to decide @Pay to pay. The first
decision @Order, is free with respect to this interaction as it is not determined by
the success criterion of the interaction, because WISHFUL is an allowed final state. In
contrast, @Pay is enforced by the success criterion, as DELIVERED is not an allowed
final state and deciding @Pay is the only way to proceed.

Now we turn to Seller S. He has the state (mod, n, b, cost, revenue)® where mod®,
n®, b¥ have a meaning equivalent to those for B and cost® is his cost to obtain a,
for example through production, and revenue® being the amount of money he gets in
exchange for a. S proceeds in the following steps:

Being in mode LISTENING S has produced a with costs cost® and waits for orders.
If an order arrives, S transits to mode ordered. Now S has to decide whether he
wants to accept the order or not. If he decides to reject, he transits back into mode
LISTENING and sends back a Reject-document. If he decides to accept, S transits to
the new mode CONFIRMED, indicating by sending an Accept. Being in mode CON-
FIRMED, S has no choice other than to decide to deliver the commodity a to B and to
transit to DELIVERED to wait for the reception of the right amount of money. Upon
receiving it, S increases his budget b by this amount and transits to its final state

1Effectively, @Order) is a class of mutually exclusive decisions that determine her cost.



SETTLED. Receiving too little money, he has to do some bookkeeping and sends back
a NotSettled-Notification and waits for the rest.

To sum up the decisions of S: First, S has to alternatively decide whether to
@Accept or QReject and second, if he decides @Accept, he has to decide @QDeliver.
Again, the first decision is free with respect to the interaction as it is not determined
by S’s success criterion, while the second decision is enforced by the success criterion.

/ .
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Fig. 3 A seller and a buyer engaged in a trade interaction as described in the text. All transi-
tions of the buyer are lined up vertically and all transitions of the seller are lined up horizontally.
Each dot represents a combined state of both buyer and seller. Each transition is labeled with
(decision, condition, incoming document)/outgoing document. The external coupling results in a
restricted reachable state space of the product automaton, illustrated by the 90°-arrows. A possible
path of a complete trade is shown. Possible final states are indicated by an extra frame

To put it more formally, we model the resulting trade interaction trade as the
result of the 'between subject’, inhomogeneous® comp®**™% _operator such that it
composes a B- and an S-role to a trade = comp®***™% (B, S): the state of trade is
the product state of B and S, the transition relation of trade is the restriction of the
product transition relation, restricted by the character and commodity exchange. A
trade is successful, if both roles are successful.

The model rests on two truthfulness assumptions, whose importance cannot be
overemphasized, as they are easily overlooked:

5We name an operator ’homogeneous’ if its domain is the same as its co-domain or any co-domain product
(example op : A X A — A) and ’inhomogeneous’ otherwise.



1. The exchanged items are truly identical for both roles. We represent this identity
in our model by using the same identifier. Consider what happens if the seller
believes he is receiving some euros but in fact he gets counterfeits, or if the buyer
thinks she gets a tasty apple, but seller gives her a rotten one.

2. Both take their enforced decisions, that is, both adhere to the interaction rules
that S delivers the ordered commodity and B pays the correct amount of money.

In reality, a verification of the truthfulness can be very complex, and therefore trust
is an essential part of this kind of interaction.

We intentionally avoided the term ’price’ in the description of the interaction. This
illustrates that neither role needs to use or even to agree on this term during a trade.

However, introducing the term ’price’ makes it much easier for us to understand
what is going on during a trade, as it underlines the complementary meaning of the
exchanged money: for the seller, the price is the money he receives, and for the buyer,
the price is the money she has to provide.

As a final remark in this Section we want to point out that John Hicks (Hicks
1989) already emphasized the stepwise model of trading.

3.2 Trader as coordination: internal composition

Beyond external composition, roles belonging to the same subject can be composed
in a second, internal way, which we call 'coordination’.

We illustrate a trader 7" internally coordinating her buyer role By and seller role Sy
across two different trade interactions 1 and 2 in Fig. 4. Here, order acceptance within
selling is granted only after acceptance of her own order is received within buying®.

Coordinating roles means restricting the product transition space by coordination
rules. First, the trader-state is not simply the product state of the roles; instead, we
must declare which parts of the state are shared across roles. Secondly, we have to say
which transitions become unavailable and, thirdly, which decisions may become depen-
dent. Coordination requires all decisions to be named uniquely. The I/O-characters
of the different, coordinated interactions need not be.

T has the state ((mode®, mode®P),n,b, revenue,cost
condition is:

)T and the coordination

1. Coordinating function of money: there is only one state for the budget b7 = b8 = b°

2. Identity of traded commodity: there is only one state for the possession of the
commodity nT = nf = nS.
3. Before T signals to agree to sell a as seller S in interaction 1, she must ensure that

she acquires «a in interaction 2 as B.

In game-theoretic terms, the trader is a player in two simultaneous sequential
games, subject to a joint budget constraint. This is not merely a technical convenience:

6Other coordinations for T are possible, each with different chances and risks. For example, with enough
budget it would be possible to order first, not knowing whether she will be successfully able to sell the
produced commodity at a higher price than the purchase price. Or T' could even order first without budget,
hoping to be able to pay for the purchased commodity exclusively by the revenue it hopes to generate selling
it. Or, in a mass case, T' could use a mixed approach.

10



the requirement that a single subject can coherently occupy both the buyer role in
one trade and the seller role in another is what forces the utility representations of
both roles to be structurally compatible later on. We will see in Section 5 that this
compatibility requirement uniquely pins down the linear form of both utility functions.

The following transition description of T" should be read in conjunction with Fig. 4
and may be skipped by readers who find the figure self-explanatory. While in her mode
(LISTEN, WISHFUL) she receives an Order; for a with price p; in her trade interaction 1
as S1, which would incur a revenue revenue = p; and transits to (ORDERED, WISHFUL).
She then has to decide @QOrder to order as By the same commodity at a price ps with
p1 > p2, which would incur costs cost = py and transit to (ORDERED, ORDERED) while
sending the respective Orders. If she instead decides @Reject to reject the order, T has
to transit back to (LISTEN, WISHFUL) while sending a Reject; in her trade interaction
1. Now, being in mode (ORDERED,ORDERED), T in her role B, receives either a
Rejects, requiring a backward transition to (ORDERED, WISHFUL), or an Accepts,
initiating the transition to (ORDERED, CONFIRMED). There, T' must decide @Accept,
sends an Accept; and transits to (CONFIRMED, CONFIRMED), awaiting the reception
of commodity Products, which initiates her transition to (ORDERED, DELIVERED) and
increases her commodity counter state to n 4+ 1. Then, she has to decide @Deliver to
deliver the received commodity as Product;, transiting to (DELIVERED, DELIVERED)
and decreases its commodity counter n again by 1. There, she waits for the Money;.
If the received money suffices, that is, it was at least price py then she transits to
(SETTLED, DELIVERED), sends Settled; and increases her budget b by this amount.
Then, she has to decide @Pay to pay Moneys to transit to (SETTLED, SETTLED) and
reduce her budget b by this amount and finally wait for the last Settleds-notification.

All other transitions of the unrestricted product automaton are eliminated by this
coordination.

Again, more formally, we define a within-subject composition operator
comp™™e ™ for a homogeneous composition such that we combine the two roles B and
S of the same subject to a trader role T' = comp™c ™™ (B, ). Part of comp™terna!
are two projection functions” projgysz QTuIrtuoTubp? — QT uUITuUOTuUDT with
projL(QTUITUOT UDy) CQPUIBUOP UDPE and projk (QT UIT UOT UDT) C
QS UI® U0 uUD?®. AT fulfills the requirements that the two projections of the tran-
sition relation AT of T result in the transition relations A® and AS and the success
criterion of T is that both the success criteria of B and S can be fulfilled on the
projected sets.

In the proposed coordination, 7" has to make 4 decisions, but only the first is still
free. Namely, she freely decides either @QReject to reject the received order Ordery
in interaction 1 or @Order,, to order the commodity herself in interaction 2 for the
price po. All other decisions, @Accept to accept the order in interaction 1, @Deliver
to deliver the commodity in interaction 1 and QPay to pay the price prices in inter-
action 2, are enforced by the success criteria of both interactions and the coordination
condition.

Interestingly, viewed in isolation, both B and S still have a free decision, but one
of these free decisions is eliminated by this special coordination, namely S’s @Accept.

"for a projection function h it holds that sequential application does not change the mapping, i.e. h = hoh

11



From an intuitive position, we would say that T has already decided to accept the order
for internal processing with her decision @Order, to order the commodity herself in
interaction 2 for price po. But this is invisible in interaction 1. We see that coordination
changes the structure of decision-making.

We therefore speak of ’truly’ free decisions of a subject only if it has the freedom
to determine its behavior to achieve its objectives coordinating all of its roles, and —
very important — it has the freedom to set its objectives. Otherwise, we would qualify
decisions between several undesired outcomes as ’truly free’, like a person sentenced
to death who can still decide’ to be shot or hanged.
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Fig. 4 A trader coordinates its two roles of buyer and seller. That is she coordinates two sequential
games (trade interactions 1 and 2) through a shared budget and shared commodity counter. The
decision @Order in interaction 2 effectively determines the outcome of @Accept in interaction 1,
eliminating what appeared to be a free decision. Thus, like interaction, coordination also restricts the
possible reachable state space of the product automaton of the involved roles by transition elimination
and decision-dependencies.

Thus, we have shown that what seems to be a free decision in one interaction
may just be the consequence of the subject being involved in some other interaction.
Coordinating several roles can reduce (up to complete elimination) as well as increase
the number of free decisions.
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4 How we decide

The automaton model of Sections 2 — 3 specified the structure of the economic inter-
actions. We now enrich our model with a model of our mind on how we decide,
connecting the formal model to the welfare-theoretic questions this paper addresses.

4.1 A simple model of mind: preferences

If we want to hold up our model of free decisions, but nevertheless want to be able
to know ’'why’ we act like we do, we have to come up with a model of our mind. A
simple yet expressive model of our mind, which is used extensively in contemporary
economics, is the preference concept. It fits very nicely in our interaction/coordina-
tion model and aligns well with standard revealed-preference interpretation where
preferences are inferred from choices, not attributed independently of the decision
context.

With the preference concept, we postulate that within an interaction we act as
we want in the sense that we make a certain free decision because we prefer some
‘outcome’ over some alternative ’outcome’.

What is an ’outcome’? Intuitively, we might say that the outcome related to a
decision is the target state value of the transition in which the decision is involved.
But, to stay in line with game theory, it is more appropriate to relate the outcome to
the interaction as a whole and identify the outcome with the success criterion of the
interaction.

That is, for finite interactions, we have a set of final state values to characterize
success and we make a certain free decision because we prefer one of these final state
values.

Given two different outcomes a and b, we can then say that being in state p € @
and receiving some input character ¢ € I¢, with two possible transitions p {dd/or, q,
finally leading to outcome a and p {2, 8)/0a, g2 finally leading to outcome b, we prefer
outcome a over b, notated as a >, ; b if we would take the decision d; that leads to
a instead of dy leading to b. If we are indifferent to the outcome a and b we could
choose with equal probability and notate a ~, ; b. The subscript can be dropped if it
is clear from its context.

As preferences relate to outcomes of interactions, they have a natural context
dependency, namely to the context of the interaction. That is, preferences in our sense
need not relate, for example, apples to pears in any absolute sense, but only with
respect to some interaction they are involved in.

The essential idea of the money mechanism is to extend our preference relation
over those commodities that are exchangeable to a certain degree, to pairs of such
commodities and 'money’. We call these preferences 'material preferences’.

Mathematically speaking, with M the set of money values and C' the set of indexed
commodities, the preference relation = C (C x M)? relates pairs of numbers of com-
modities and amounts of money. To keep our notation simple, we refer only to a single
class of commodities.
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For example, assume that we prefer to have €10 and no cinema ticket over having
only €5 and such a ticket. In symbols: (Ocinema ticket> €10) > (Lcinema ticket, €). In this
case, we would not pay more than €5 for the ticket.

Why should we as individuals do such a seemingly artificial extension of our pref-
erence relation? Because, even without reflection, we grasp intuitively the usefulness
of this concept in supporting us in our challenge to coordinate our many social inter-
actions. Part of the money we gain in one interaction we can put on the table in
another interaction. We can now start to realize a lot more actions, according to our
original preference relation, because of this money mechanism — why should we not
prefer something that makes this possible?

So, we can state: some real-world entity that can be exchanged and can be repre-
sented by some state gets a pivotal role in our preference relation with regard to all
commodities that we view as exchangeable to a certain degree. And to be able to talk
about it easily, we name it ‘money’. Money in this sense works, because of its capabil-
ity to support us in coordinating our diverse economically relevant interactions, and
finally because we prefer it to do so as whole subjects.

4.2 Utility

As is explained in virtually every textbook on economics (for example, Mas-Colell
et al. (1995)), the key idea of the utility concept is to simplify our model of mind
even further by introducing a single-valued function wutil, mapping all outcomes to
real numbers so that we can replace our preference relation by a comparison of these
‘utility’ values.

We say that a function wtil, which maps outcomes to real numbers, represents our
preference relation -, if for every two outcomes a and b, util (a) > util(b) is equivalent
to a 77 b. We thereby reduce a property of a binary relation between two outcomes to
a property, the utility, that can be attributed to a single outcome.

There are a number of propositions that describe under which conditions it is pos-
sible to represent preference relations with utility functions. Above all, the preference
relation necessarily has to be transitive and complete. Mathematicians call such a rela-
tion a ’total order’. In economics, such a preference relation is often termed ’rational’.
We prefer ’consistent’ to 'rational’ for such a preference relation, since rationality in
ordinary language implies much more than transitivity and completeness.

Then, in the countable case with a fixed preference relation, there always exists
a representing utility function. The same holds for continuous preference relations
over convex domains (Debreu 1954). However, no such representation exists in the
important case of hierarchical preference relations with infinite items on each level.

It is clear that a utility function over-specifies its corresponding preference relation.
If one such utility function f exists, then any concatenation w o f with a strictly
increasing function u: R — R is also a corresponding utility function to the same
preference relation.

But apart from the issue of over-specification, talking about utility (where this
is allowed per assumption) is in our model the same as talking about preferences.
Utility maximization in our model just means realizing what we prefer most. Thus, the
popular identification of utility maximization with egoism is false in our model, since
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the utility concept in our model does not determine the content of the preferences it is
supposed to express. Following Ernst Fehr and Urs Fischbacher (Fehr and Fischbacher
2002), egoism is much better defined as having exclusively ’selfish’ preferences that
are directed only towards oneself.

So, in summary, for us utility is nothing we look for in the brains of people, but it
is a mathematical concept we use to simplify our considerations on how we take our
free decisions over outcomes of stateful and non-deterministic interactions, based on
a preference model where this is mathematically permissible.

4.3 How buyer and seller decide in a trade

We now apply the concepts of preferences and utility to explain how a buyer B and
a seller S decide in a trade interaction according to our model.

4.3.1 Buyer

As described in Section 3.1 we attributed the state (mod, n, b, val,, costa)B to B with
the initial values of (WISHFUL, 0, by, val , "undefined’).

B has the free decision @Order to buy or not to buy a at costs costZ. With her
initial budget b, B would pay at most val aB < bF in exchange for a.

We now assume that B’s preference relation relates pairs (b,n). B is indifferent by
definition towards (bF,0) ~ (b§ — val®,1) and — assuming 1 as the unit of money —
has the following preferences:

(b8,0) ~ (F —wval®,1) < (bF —wval® +1,1) < .... (2)
Thus, we can define a utility function for the decision @QOrder, where B gains in
a trade interaction the difference between her valuation val? and her cost cost? she
incurs to acquire a.
Buyer: util? = val? — cost? (3)
We see immediately that for any cost? < val®? this function is indeed a util-
ity function for B, as for a given valuation wval f the equivalence wutil f (cost1) >
utilB (costy) & cost1 < costy < (1,b5 — costy) = (1,05 — costs) holds.
Economists refer to this utility also as ’consumer rent’ or ‘consumer surplus’ (e.g.
Marshall (1920); Mankiw (2024)).

4.3.2 Seller

Let us turn to the seller role ’S’. According to our trade interaction, S has the free
decision to accept an offer for commodity a at price p, or to reject it.

Initially, S has a certain amount of money b5 before the production of a. For
production, S had to spend a part of his money, his costas . With selling, he wants
at least to get compensated for his expenses. Hence, he is indifferent to the following
possessions (b — cost?,1) ~ (b5,0) and the more money he additionally gets in the
trade, the better.

(b par — costS 1) ~ (b5,0) < (b5 +1,0) < ... (4)
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Thus, we can define the utility of S, he gains from a trade interaction as the
difference between his revenue? and cost? to produce a.

Seller: util® = revenue’ — cost? (5)

Again, it is easy to verify that this is indeed a utility function.
Economists refer to this utility also as ‘profit’, 'supplier rent’ or ’producer surplus’
(e.g. Marshall (1920); Mankiw (2024)).

4.3.3 The trade

According to our assumption of freedom of choice, both parties will only agree on
this trade if both take at least some utility out of it. Hence, the valuation of B and
the cost of S determine the possible price range insofar as S’s cost determines the
lowest and B’s valuation the highest possible price. Within this price range, this trade
constitutes a 'win-win’ situation for both.

The total utility for both after trading a at price, is just the sum of the individual
utilities and does not depend on the price.

Total utility (trade): utily total = wtil B 4+ util? = val? — cost?  (6)

Note that this form of total utility depends on our assumptions of the simple form
of Egs. 3 and 5 for the utility of B and S. If we had chosen a monotonically transformed
version of both then the total utility of trade would look different. For example, we

could have defined util? = log(val? — cost?) and wtil? = log(revenueS — cost?).

Then total utility would have been util, 1ota1 = log ((valaB —pricey)(price, — costf))

which would depend on the price.

With the assumed utility functions of B and S, both parties contribute to the total
utility. B with a high valuation and S with low costs. As in our model total utility
does not depend on the price, we can attribute it to the interaction as an invariant
and say: a free trade creates a utility surplus of x. The price only distributes the
utility between B and S in the trade, hence the notion of money as a mechanism to
distribute utility.

We give an example: A book producer and a book enthusiast have an initial budget
of €100 each, making a total asset of €200. The book producer now produces a book
which costs him €30, resulting in a remaining budget of €70 plus the new book. The
book enthusiast would give away €90 of his €100 to get this book. Both agree on
a price of €50. Subsequently, the book producer has €120 and the book enthusiast
has €50 and a book he values at €90, making an asset of €140. Together, after the
trade, both have a total asset of €260. The asset grew by the total utility created by
the trade of €20 for the book producer and €40 for the book enthusiast. So both did
benefit from the trade, though not equally.
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4.4 How trader decides

Now, let us turn to our trader T, which we defined as T = compi”te”ml(B, S) with
a coordination condition as we described in Section 3.2. Then for B, her successful
interaction 2 changes n, by An, = 1 and the budget b by Ab = —p, as long as
p2 < valP otherwise both remain constant. For S, his successful interaction 1 has
Ang = —1 and at least Ab = p; as long as py > costs.

Hence, as successful trading implies successful buying and selling, n, remains con-
stant and her budget will increase by Ab = p; — ps, her preference relation — which
concerns only outcomes — actually applies only to her budget. The more budget she
gets from trading, the better.

Utility (trader): wtil” = revenue — cost = p; — po (7)

We achieved a perfect fit of the utilities of B, S, and T only because we ad hoc
assumed the simple forms of the utilities and did not apply additional strongly mono-
tonic transforms, possibly different for each role. This will be one of the additional
requirements in the next section, where we will generalize our money model. For
roles that can be combined in one subject, any possible such transformation must be
uniform for all roles.

What happens if a trader trades with herself, that is, what is the result of
comp®®ternal (compinternal (B §))? In this case, nothing happens because it is not pos-
sible to sell a commodity to a higher price than to buy it. This can be generalized to
all closed chains of traders:

Theorem 1 A closed chain of traders does not perform any trade and therefore creates no
utility.

The proof is trivial as in a closed chain of arbitrary length the same holds as for
a single trader who trades a good exclusively with herself: It is not possible along the
whole chain to achieve a positive utility with a limited budget. This is the automaton
analogue of the no-money-pump condition in revealed preference theory — a closed
chain of trades must leave total utility unchanged (see also Section 7.2).

Such a closed chain is a simple example where free decisions can be enforced or
prevented by external circumstances whose existence cannot be deduced from the
local interaction itself. It means that any working trade (chain) assumes that in
the end there are at least some real independent producers and consumers involved.
More generally, it means that much of contemporary economic theory depends on the
assumption of true independence of its economic subjects.

5 Money as a utility transfer mechanism

We now prove the key formal result of the paper. The game-theoretic setup of the
earlier Sections, specifically the requirement that buyer and seller roles can be consis-
tently combined in a single trader, places tight constraints on the admissible utility
representations. We show these constraints uniquely determine the linear form which
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is the basis for utility transferability (see Harsanyi (1977), pp.111, or Myerson (1991),
pp. 384)

In fact, for our aim of showing that subjective preferences become comparable
with the money mechanism, it suffices to have at least one utility representation with
our desired properties. Crucially, the freedom inherent in the utility concept — that
no particular form is mandated — allows us to choose precisely the form that makes
interpersonal comparison meaningful.

5.1 Uniqueness

We now show that the utility representations introduced for B and .S are the unique
ones satisfying what we call ’compositional consistency’ — with respect to the external
coupling of trade and the internal coupling of trader.

These constraints partition into a trade and a trader part, and each restates a
commitment already made in Sections 3-4 rather than introducing a new one. Within
a trade, the buyer’s utility depends only on what she gains over what she paid, and
normalizes to zero at break-even and to her full valuation when costs are zero. This
is simply a restatement of how valuation was operationalized as a primitive of B’s
preference relation in Eq. (2) — the money amount at which B is indifferent to trading
at all; the seller’s condition mirrors this for revenue.

We want total utility to be a property of the trade and therefore independent of
the price — since the external coupling condition (Eq. 1) already treats price as a
pure transfer between B and S with no leakage, any additive utility measure must be
invariant to how that transfer is split. Finally, as a trader, any monotone re-scaling of
utility must be the same for both roles: this follows from the coordination condition
of Section 3.2, where B’s and S’s budgets collapse into the single shared variable b7,
which retains no record of which role generated it — so no well-defined utility function
of bT" can depend on a role-specific transform.

The one genuinely substantive assumption in this bundle is that utility depends
only on the difference between valuation/revenue and cost, not on their levels sepa-
rately: this expresses a fungibility of money across price levels that is not forced by
anything stated so far. We will see in Section 6 that this is closely related to the
comparable valuation condition governing when monetary comparisons across indi-
viduals are valid, and Section 10.4 catalogs circumstances — non-substitutable goods,
hierarchical needs — under which it fails.

Definition 1 We name the utility functions, representing the material preferences of a buyer
B and a seller S in a trade, ’compositionally consistent’ if they fulfill the following constraints:

¢ Trade-interaction constraints:

(a) The utility of B depends only on the difference between her valuation and her
costs: util? = f(val? —costP), and becomes zero if her valuation equals her
costs, f(0) = 0, and becomes her valuation if the costs are zero, f(val?) = val?.

(b) The utility of S depends only on the difference between his revenue and his cost:
util? = g(revenueS — cost?), and it becomes zero if his revenue equals his cost

g(0) = 0, and becomes his revenue if his costs are zero g(revenue?) = revenues .
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(¢) The total utility resulting from the trade as the sum of the utility of S and B
is the difference between the valuation of B and the cost of S and is therefore
independent of the price: util, totar = utilf + utilf = valﬁlB — costas.

e Trader constraint: Any strongly monotonic transform of the utility functions of B
and S must be identical.

Our claim can now be formulated as the following theorem.

Theorem 2 (Uniqueness) The utility functions of a seller S and a buyer B in a trade
interaction according to Def. 1, namely utily and util® as given by (3) and (5) are the only
compositionally consistent utility functions.

To prove this theorem, we first have to provide the general utility functions for
S and B in a trade interaction. As we have seen, val? — cost? is a possible utility
function of Buyer and revenues — cost? is a possible utility function of Seller. Then,
the general utility functions for B and S, which depend only on the required difference,
are provided by two additional strongly monotonic functions f,g: R — R such that

util? = f(val? — costD) (8)

util? = g(revenue? — cost?) (9)

Now, the trader constraint requires both functions to be identical: f = g. And the
external coupling condition (Eq. 1) turns the first constraint into

utily total = utilf + utilf

= f(val® — pricey) + f(price, — cost?)
With the next lemma, we prove that this requires f to be linear with zero intercept.

Lemma 1. Let f be a real monotonic function such that whenever a,b,c € R with
a>b>cthen f(a—b)+ f(b—c) does not depend on b. Then f is a linear function.

We give the proof of the lemma in Appendix B.

Thus, f is a linear function. To complete the proof of our theorem, we note that
together with our boundary conditions f(0) = 0, and f(valZ?) = valZ, f has to be
the identity function.

The uniqueness result has a strong implication: there is exactly one way to rep-
resent material preferences as utility functions that is consistent with the exchange
structure. It implies that any deviation results in some loss of insights into the money
mechanism. For example, if we allowed different functions f and g for the seller and
buyer roles, we would lose our unifying view on both the trade interaction and the
trader. This is why linearity in money is not an ad hoc assumption but a structural
necessity in our model.
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5.2 Measurement theory

In 1934, Oskar Lange (Lange 1934a,b) proved, corroborated by Franz Alt (Alt
1936), that if utility differences are supposed to be meaningful, then only affine
transformations leave their preference representations invariant.

This posed a problem to the increasingly dominant 'marginalists’, as a derivative
is a limit of differences. Their answer was to separate what is being computed from
what is being interpreted. They would allow themselves to compute these derivatives,
but they would not allow themselves to interpret them as meaningful. Allowed for
interpretation were only ratios of marginal utilities, the ‘'marginal rates of substitution
(MRS)’, as here the dependencies on the derivative of any general strongly monotone
function f = f(u) cancel out, since for u = u(x,y), the ratio % g—Z remains invariant
against a transformation with f.

But then, as Franz Alt has already pointed out, any proposition that relates mag-
nitudes of marginal utilities, like for example the “law of the diminishing marginal
utility”, would also remain meaningless.

It becomes interesting, if we start to use money as the second commodity. In 1971
David H. Krantz, R. Duncan Luce, Patrick Suppes and Amos Tversky (KLST) proved
as their representation theorem for conjoint structures (Krantz et al. 1971, Section
4.4, p. 151) that the presence of money as a second dimension in the preference
space, together with suitable independence conditions, generates an interval-scale rep-
resentation for otherwise only ordinally structured commodity preferences. Our result
exploits precisely this structure, and the linear utility representation is the natural
consequence.

KLST thereby establish the interval-scale structure within a single individual’s
originally ordinally structured preference space including money. But they do not
address whether this structure can be used to compare preferences across individuals
which is the contribution of our next Section 6.

5.3 Scope and clarifications

We would like to make a couple of further remarks. First, even though in the presented
model the money mechanism can transfer utility in the defined sense, it does not
represent or measure utility in the sense that the more money we have, the more utility
we get. So, the statement "Money is transferable utility” is false in this model. It is true
that money is a mechanism of utility transfer where individual utility manifests itself
on both sides of a trade only as a difference between some sort of revenue/valuation
and some sort of cost.

Second, the sentence ”The marginal utility of money decreases with increasing
amount of money” is false in this model. In fact, we do not attribute utility to money,
and beside that, utility is a strict linear function of any money term.

But third, true is that our valuation per item of all commodities we buy for con-
sumption, like apples, dramatically decreases with increasing numbers, that is, the
valuations for consumption commodities are not additive. Although we may be will-
ing to pay €1 for a single apple we want to eat now or in a few days, we will not pay
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€1000 for 1000 apples in a single moment, as we might even have to pay additional
money to dispose of most of them afterward.

6 Intersubjective comparison of preferences

In our model, based on the role-based nature of a trade, we can compare the pref-
erences of different trading subjects in several different ways. We can compare the
valuations of competing roles and the utility of complementary roles. And finally, we
can compare the total utilities generated in different trades.

6.1 Intersubjective comparison of preferences between
potential buyers

Can we compare the subjective preferences of potential buyers competing for a given
commodity?

To find an answer, we recap how we defined the individual preference relation: I
like the apple more than the pear, exactly when? Yes, if in a decision to consume either
of them, I would choose the apple over the pear. In other words, we have actually
introduced the preference as an ’explanation’ of a decision that must be made in an
interaction context, that is, as a 'mental model’ in a given context of interaction.

If we transfer this way of talking to the relationship between two individuals, it
stands to reason to refer to a decision in a corresponding context of interaction, namely
the context of interaction towards a third party. Something like this: There is a third
party called S, who has an apple to offer and has to decide whether to give it to A or
B.

Assuming that A and B have the same budget and the same access to a comparable
set of alternatives, it is obvious that S should give the apple to the one who has the
higher valuation, and we agree on the meaning of the phrase ’A prefers the apple more
than B’ if A’s valuation is greater than B’s under these conditions. Thus, we define

Definition 2 Let A, B be two buyers, competing for the same commodity a in an interaction
with a seller S. If both have the same budget and access to the same set of alternatives,
then we define the relation 'A prefers @ more than B’, symbolically A >, B, if and only if
valf > valaB .

We name this condition under which the valuations of two buyers become comparable
the ‘comparable valuation condition’.

The introduction of a third person, namely seller S, signals the ’intersubjective
objectivity’ of this valuation comparison.

This is a condition on the trading environment (budgets, access), not an assump-
tion about preferences or their comparability — in contrast to John C. Harsanyi’s
assumption on preference form (see Section 8.1) or Amartya Sen’s assumption on
comparability itself (see Section 8.2). We are neither assuming comparability to get
it, nor our preferences to have some special aggregation-friendly structure. But we
are deriving a common, unit-identical representation for free (any two money-using
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traders are automatically speaking the same currency), and then giving a separate,
empirical /circumstantial condition — checkable independent of anyone’s preferences —
under which that shared currency also tracks equal preference intensity.

It formalizes the intuition behind Alfred Marshall’s observation that willingness to
pay is a reliable welfare measure only among people of equal income (Marshall 1920,
pp-15-16). Daniel Goldstick already speculated in (Goldstick 1971) that under equal
budgets the willingness to make a “financial sacrifice” is an indicator of a “person’s
desire” to acquire some economic asset. It is also the structural condition implicit in
Varian’s (Varian 1974) envy-freeness result: under equal budgets and equal access,
any allocation resulting from free trade is envy-free and efficient (see also Moulin
2019, for a recent discussion). And it is also a validity condition for Vickrey second-
price auctions (Vickrey 1961) as utility-maximizing mechanisms: the auction correctly
aggregates buyer valuations into a surplus-maximizing allocation only when those
valuations reflect equally unconstrained preferences.

The comparable valuation condition is like the preconditions of an ideal gas. A
gas will behave like an ideal gas if the respective conditions are fulfilled. The ideal gas
law is not ’assumed’ to hold by kinetic theory — it is derived from a model (point
particles, elastic collisions, no intermolecular forces). There is no objection to relocate
the assumption that the gas is ideal into the derivation — because the derivation and
the applicability condition are doing different jobs: the derivation tells us what the
law looks like under those idealized conditions; the applicability condition tells us
when a real gas is well-described by it, and deviations (Van der Waals corrections)
are themselves informative, not embarrassing.

So, the comparable valuation condition just signals whether we are still on firm
ground for this kind of money semantics or not. The more the comparable valuation
condition is infringed, the worse we can compare intersubjective preferences by the
willingness to pay of the buyers.

6.2 Intersubjective comparison of utility between
complementary roles of B and S

Adding a buyer’s and a seller’s utility to a total utility in a trade implies the compa-
rability of the utility of both roles, which we justify by the possibility to validly use
the same money scale for both roles in our model.

Importantly, this allows us to define a ’(local) fair’ price pricef*" from eq. (3) and
(5) as the price which provides both the same utility in their trade (util? = util?):

pricedsir — valB —; cost? (10)

Eq. 10 is the Nash bargaining solution (Nash et al. 1950) for this bilateral exchange

game: it distributes the surplus val? — cost? equally between buyer and seller.

This provides an axiomatic grounding for local fairness through the Nash bargain-

ing axioms (Pareto efficiency, symmetry, independence of irrelevant alternatives, and
scale invariance) without additional assumptions.

It is immediately apparent that if a price can be fair, it can also be arbitrarily

unfair. Although a free trade is, by definition, a win-win situation, it can nevertheless
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be highly inequitable, in the sense that the party with greater bargaining power may
capture nearly all of the total surplus. We thereby get a glimpse of the power of
money as a mechanism to distribute utility: we might be able to design it such that
it distributes utility by and large fairly, or we might design it willingly or unwillingly
to become a mechanism to distribute utility systematically in an extremely unfair
manner.

However, fairness is a rather complex concept and, to quote Hervé Moulin (Moulin
2019), ”There is no single compelling definition [of fairness]”, which we would like
to underline by what we distinguish as ’local’ versus ’global’ fairness in trades. With
local fairness, we refer to a single trade. With global fairness, we refer to many trades.

6.2.1 Global fairness: fairness in 1:n relations

What happens if a seller sells his commodities not to a single buyer but to n buyers?
The first thing we have to realize is that, in reasoning about this case, we aggregate
the utility of different subjects. The validity of our reasoning therefore depends on
the validity of our assumptions, that everyone has the same total budget and has the
same access to all relevant alternatives. In this 1:n case, the order of utility partition
and price determination plays a decisive role for fairness.

The first possibility is to average the utility first and then to distribute it evenly
by deriving the individual prices thereof. Let us again look at the book producer who
now produces 2 books at €30. There are two book enthusiasts, one with a valuation of
€90, the other, a bit less enthusiastic, with a valuation of €60. The average total utility
then is the total valuation minus the total cost divided by the number of participants
(€90 + €60 - €30 - €30)/3 = €30. If the first book is sold for €60 and the second
book for €30, every participant gets off individually with the average utility of €30.
Formally we have:

Step 1 [Determine average utility]: « = %_H > (val; — cost;)

= nil (val - ﬂ)

Step 2 [Determine n prices]: p; = val; —1u

Thus, for increasing n, the average utility that everyone realizes converges to the
difference between the average valuation and the average cost.

The second possibility is to determine the local ’fair’ price in each trade directly
and afterward look at the utilities of every participant. As S participates in every
trade interaction, he now gets his share n times. The first price would be determined
at €60 and the second price at €45. The utility of the first buyer would be €30, of
the second buyer €15 and for our seller it would be €45. Formally this is:

Step 1 [Determine n prices] p; = (val; — cost;)/2

Step 2a [average utility of the n buyers] @” = 1" (val; —p;)
=val —p

Step 2b [utility of seller] u® =Y, (pi — costy)
=2 uzs = nu®
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Now, all buyers get on average the difference between their average valuation and
the average price, and the seller’s total utility increases with the number of buyers (or
sold items), and thereby shows the same scaling behavior as with a constant price for
all trades.

The overall utility and therefore also the average utility for all participants is
identical in both cases, but the distributions are different.

Our result shows that ’average first, price second’ allocation gives equal utility to all
participants while the ’price first, average second’ method systematically advantages
the seller as it shows the same scaling behavior as with a constant price for all trades.

This distinction becomes of great relevance in a company employing n employees
or in the case of a small number of organizations producing a large number of goods
for very many consumers.

6.3 Aggregation of utilities of different trades: markets

With the fulfillment of the comparable valuation condition, we can directly compare
all buyers’ valuations. Together with the objectively determinable costs of all sellers
and our requirement that the total utility of a single trade is independent of the price,
this makes a market mechanism maximize the total utility of all possible trades.

To prove this, we just have to order all sellers according to their increasing cost and
all buyers according to their decreasing valuation, as shown in Fig. 5. The resulting
‘market price’ p* creates the largest enclosed area and thereby maximizes total utility.
This diagram can already be found in the influential textbook of Alfred Marshall
"Principles of Economics’ (Marshall 1920, p. 668).

PriceA

max val,

coc““
util(j)
pH

Yoy

min cost, —

J Jnmx Rank

Fig. 5 Supply and demand of the market mechanism. All sellers are indexed according to their
increasing cost and all buyers according to their decreasing valuation. The intersection of both curves
determines the 'market price’ p* together with the index jmaz-

The comparable valuation condition therefore provides a validity condition for the
demand side of the market. On the supply side an obvious and well-known validity
constraint is that the costs of the suppliers are the true costs for society and no
externalities exist. We call a market mechanism that maximizes utility in the sense of
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all, a 'walid’ market mechanism. Only valid markets fulfill Friedrich A. Hayek’s (Hayek
1945) conception "to coordinate the separate actions of different people in the same
way as subjective values help the individual to coordinate the parts of his plan.”

Whether this optimum also maximizes welfare depends on whether people do prefer
what benefits them most (see Section 10.2). This as well as the validity property
is obviously a property of the market context and not of the market mechanism in
isolation.

Be aware that a market could create different prices for all trades and would still
maximize total utility, as long as the prices converge to p* for the rank moving towards
jmam~

With any validity condition being violated, we can still technically add all dif-
ferences between the individual valuations and costs to some value, and the market
mechanism will still generate some price that maximizes this value, but this price will
not relate in any simple sense to the preferences of the participants. So we are not
allowed to speak about this value as a 'maximized total utility’

In our opinion, the violation of the market validity condition is one of the most
common reasons for (mostly unnoticed) severe market failure nowadays, where the
powerful market mechanism enforces the interests of a very few at the expense of the
many, under the guise of freedom of choice’.

A prominent example is monopsony in labor markets, where the employer faces
no comparable budget constraint relative to workers, making monetary comparison of
their valuations invalid. A second is markets for non-substitutable goods (life-saving
medicines, housing in constrained cities), where the hierarchy of needs violates the
substitutability assumption underlying the preference model. A third is the dynamic
ticket prices for the FIFA Club World Cup 2026, where a functioning market mech-
anism fails to allocate the tickets to those who like watching football matches most,
but is designed to maximize revenue of FIFA.

6.4 Invariance and the informational basis of comparability

As the allowed utility transformations can be used to classify different levels of expres-
siveness (see Section 8.2), we would like to briefly mention that our money-metric
utility is a ratio-scale full comparability (RFC), that is, the following proposition
holds:

Proposition 3 Let utilfi = valaBi - costaBi and utilf-i = revenue 5‘7 - costCSLj be the utility

representation of Theorem 2 of the i-th buyer and j-th seller. The only transformations of
7 )

this profile that preserve its derivation are common positive rescalings utilf1 =« utilfl and

v .
util(f] =« utilg'7 with a common factor o > 0, identical for all i and j.

Proof We know from our proof of Theorem 2 that the functions f; and g; from Eq. (8) and (9)
are the identity functions for each individual, which are homogeneous to degree one and there-

fore the transformation util? = utzlaBl = aifi(valaBZ costfl) = fi(e valfl,ai costaB‘)

holds; similar for util fj for a factor j3;.
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To keep the comparable valuation condition invariant, any transformation must keep
equal buyers’ budgets equal, therefore all a; must be equal.
Now it remains to be shown that also all 8; equal this o — which is the case as the trade

condition requires costaB = revenueg = price, for all trades. O

7 Quasi-linear utility

The quasi-linear model is standard in mechanism design and social choice. It under-
pins the Vickrey-Clarke-Groves mechanism, the Myerson-Satterthwaite impossibility
result, and large parts of matching theory. Our derivation shows that this model is
not merely a mathematical convenience but follows necessarily from the structure of
monetary exchange.

7.1 Relation to the traditional 'quasi-linear’ utility model

The traditional approach in economics towards utility (for example Mas-Colell et al.
1995, pp. 310)) focuses solely on the preference relation of the consumer, assuming a
utility function u = u(z) of a single consumer®, mapping to a so-called ’consumption
bundle’ z = (x1,...,x) where L is the number of goods and each z; € R(J{.

The budget b of our consumer lets it access more or less goods, that is, it defines
the volume of its budget set space by the constraint b > p - x for any price vector
p € RL.

Léon Walras (Walras 1874) introduced the simplifying idea to partition the con-
sumption set into a single good of interest z; and to lump the consumption rest
(z2,...,zr) into a 'numeraire’ component y with an ad hoc assumed proportional
utility with price 1.

We thus get the utility representation for the consumer v = u(z1,y) = y+ val(z1)
with =1,y € Rg , which economists traditionally term ’quasi-linear’ to denote the
linear, additive separable contribution of the numeraire to the utility.

This numeraire y is not 'money’ per se, but as a composite good priced 1 per unit
it is still subject to the budget constraint that b > p; - 1 + y. Assuming exhaustion
of the budget, i.e. equality, we can thus eliminate y in our utility representation by
substituting y = b — p1 - 1. That is, we can interpret the numeraire y as the amount
of money left over after acquiring the bundle z; at price p;. The utility then becomes

u=u(z1,b,p1) =b+val(x1) — p1 - 1. (11)

This is, apart from a different offset, the utility form of Eq. 3 for our buyer. For
decisions the offset is irrelevant as it is only the utility difference between the state
'before’ and ’after’ the trade that guides the decision of our buyer.

As Eq. 11 implies the resulting utility-maximizing demand z7 to be reached at
p1 = %ﬁl (7). As this expression is independent of b, it is usually said that the
quasilinear utility representation does not show any wealth effects. That is, the optimal

choice of z1 is supposed to be determined by the condition that the marginal utility of

8we do not mention the index j for the consumer to simplify notation
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x1 equals its marginal cost in terms of money foregone. If you give consumers an extra
€100, they spend it entirely on the numeraire leaving their demand for z; unchanged.

However, in our model, the valuation (or willingness to pay) is the behaviorally
primitive object and there is no reason to assume it not to depend on the available
budget as val = val(x1,b) and therefore p; = 387;“11 (z7,D).

Despite this dependence, our model of trade still qualifies as a Myerson’s game of
transferable utility where (Myerson 1991, p. 384) “each player i has the option to give
any amount of money to any other player, or even to simply destroy money, and each
unit of net monetary outflow or loss decreases i’s utility payoff by one unit” as the
money flow between buyer and seller is part of the essential core of this interaction.

So, for a single trade, val(x1,b) contributes nothing beyond what val(x1,b*) for
some fixed budget b* already gives us — it is just the classical model with a constant
plugged in. But looking beyond a single trade, we are in fact asking about a family of
games, indexed by b. And across that family the worth of the coalition {B, S}, fails
to be a single, parameter-free number: v depends on which member of the family you
are in, because dvaldb # 0.

So, it seems to us that the classical model is not precise enough with respect to
its context, indicating the local character of the utility concept.

In summary, we grounded the standard quasi-linear treatment of the consumer
utility (as a buyer) with our explicit interaction-theoretic model not as an ad-hoc
assumption but as a structural consequence of the composition constraints, but only
locally for single (trade) interactions.

7.2 The mechanism design perspective: Revealed Preferences
and empirical evidence for linear utility in the money term

According to our model, our preferences are mirrored in our decisions. In what
he described as an attempt to drop 7the last vestiges of wutility analysis” Paul A.
Samuelson (Samuelson 1938) introduced the concept that was later named ’revealed
preferences’ (see e.g. Chambers and Echenique 2016, for an overview) by postulating
as a consistency condition of a buyer’s choice: ”if an individual selects batch one over
batch two, he does not at the same time select two over one.”

Hendrik S. Houthakker (Houthakker 1950) proved in 1950 that the possibility to
base the choices of a buyer on a utility function is equivalent to the fulfillment of the
"Strong Axiom of Revealed Preference (SARP). It states that if a buyer directly or
indirectly prefers bundle z to bundle y, she can never, under any circumstances, prefer
bundle y to bundle z. That is, there cannot be any cycles in utility-representable
preferences.

In 1967, Sydney Afriat (Afriat 1967) was the first to provide a procedure to con-
struct a utility function directly from finitely many customer choices x; at prices
pi, + = 1,..., N with linear programming techniques, the ’Afriat inequalities’ If
this data set was free of revealed preference cycles containing a strict relation, then
there exist numerical values ("utility levels’) u; and positive weights A;, such that
u; —uj < Aj(pj(xs —;)) for all 4, 5.

9This term was attributed by Paul A. Samuelson in (Samuelson 1950) in response to Hendrik S.
Houthakker’s publication.
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But why should people tell us their preferences? Why should not they lie or —
more likely — state something different because of strategic reasons? The answer is
provided by game theory, and more specifically by the discipline of mechanism design,
as it was developed by Leonid Hurwicz, Eric Maskin, and Roger Myerson and others.
Mechanism design can be understood as the part of game theory which is concerned
with the optimal choices of the rules of social interactions or ’'games’ - or ‘mechanisms’.

Mechanism design provides the important ’revelation principle’ which states that
if we know a certain mechanism to exist, then there also exists a respective direct
mechanism where the participants find it always optimal to truthfully report their
decision-relevant private information or ’type’ as it is often termed in the literature.

Building upon this work, Jean-Charles Rochet showed in (Rochet 1987) that under
quasilinearity, a mechanism is truthfully implementable in dominant strategies if and
only if the decision rule satisfies cyclical monotonicity. The proof essentially uses the
property of the assumed utility being transferable via money in a linear way. Thereby
monetary transfers become a clean instrument to align incentives. Intuitively it says
that no money pump exists.

Donald J. Brown and Caterina Calsamiglia (Brown and Calsamiglia 2007) used
these results in a consumer choice setting to develop a test for quasilinear preference.
Given a data set of pairs of prices and chosen quantities (ps,2¢), t = 1,..., N, these
choices can be explained by a continuous, concave and strictly monotone quasilinear
utility function if and only if the data set is ’cyclically monotone’.

Marco Castillo and Mikhail Freer (Castillo and Freer 2023) showed that these
assumptions are equivalent to cyclical monotonicity on the linearized budget sets and
extended these results to nonlinear budgets, which they assumed to be downward
closed!’ and describable by a continuous and decreasing!! function g, such that
by ={(z,m) €Y : w(x) > m}.

Economically these assumptions mean that (i) if you can afford (z,m) by choos-
ing x, you can certainly afford to have less money left over. And consuming less of
everything while retaining the same money is also within the budget set.

So cyclical monotonicity plays the same formal role in both contexts — it is the
condition that prevents any ’profitable cycling’ through alternatives, whether those
alternatives are other type reports (Rochet 1987) or other feasible bundles (Castillo
and Freer 2023)

However, the empirical part of the article of Marco Castillo and Mikhail Freer
(Castillo and Freer 2023) is problematic in two respects. First, it relates to a (simple)
work task, and as we have seen, our attitude towards our work might be governed also
by some ’internal valuation’ And secondly it involved only 65 undergraduate students.

We thereby contribute to the theory of revealed preference, as we say that with the
money mechanism we can gather even interpersonal information about the relation
of material preferences of different people. However, systematic empirical testing of
quasilinear preferences in exchange settings remains an open research agenda.

10A downward closed budget set is a budget set with the property: if y € B, then for every y’ < y also
y’ € B, where 'y < y’” means for the vectors y; < v/ for all componentes and y; # v, , that for at least one
component.

LA function p : X — R is decreasing if > 2’ implies u(z) < p(z’) and & > 2’ implies p(z) < p(z’)).
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8 Other approaches to economic interpersonal
comparability

The standard position in mainstream economics is that any interpersonal compari-
son of preference requires extra-normative structure. In the following we present the
approaches of John C. Harsanyi’s aggregation assumptions and Amartya Sen’s social
welfare functionals.

8.1 Harsanyi’s expected-utility aggregation theorem

John C. Harsanyi (Harsanyi 1955), extending the work of Marcus Fleming (Fleming
1952), assumed a structural equivalence between individual and social (aggregated)
preferences under risk, namely that both fulfill the expected utility axioms and can
be represented as von Neumann-Morgenstern utility functions U; and U, respectively
(von Neumann and Morgenstern 1944).

Then, according to John C. Harsanyi’s assumption, the preferences of each individ-
ual j =1,...,n can be expressed as U;(p) = >, piU;(e;) and the social preference
as U(p) = Y ity piU(ei), both summing over all outcomes.

He additionally required that the aggregated preferences should be indifferent
between a pair of lotteries when all individuals are indifferent between them, what he
called "Pareto indifference’.

John C. Harsanyi’s social aggregation theorem'? then says that the aggregation of
the ’social’ preference relation can be viewed as a linear superposition of all individual
(utility) preference relations. Formally, this means that there exist A = (A1,...,A,)
and p € R such that U(p) = >27_; \;U;(p) + p, now summing over all individuals.

To guarantee non-negative coefficients A;, the Pareto indifference condition has
to be augmented to entail not just indifference, but the ’larger than’ relation, called
’Semistrong Pareto condition’: for all p,q € L, if U;j(p) > U;(q) for all j = 1,...,n,
then U(p) > Ul(q).

To guarantee a unique solution (A, ), the individual utility functions U; have
to be affinely independent, which means that the solution (A, u) to the equation
i AUj(p) +p=0isonly Ay =--- =X, = =0.

Actually John C. Harsanyi’s original proof was based on the implicit assumption of
affine independence. But as other authors have shown, this assumption is not necessary
(for a recent overview, see Chakravarty et al. 2022, ch. 7).

However, the theorem says neither how the individual utilities are to be determined
nor how to determine the social weights. For the latter, John C. Harsanyi introduces ad
hoc a second, ’ethical’ preference relation per individual, namely that of an ’impartial
observer’ who faces the additional lottery over which identity she will assume in the
set of individuals, which results in an equal probability distribution.

Unlike Harsanyi’s approach, which derives comparability from assumed structural
equivalence of individual and social preferences under risk, the present paper derives
it from the structure of bilateral exchange. No assumptions about preferences under
risk or lottery equivalences are required.

12This term was introduced by John A Weymark Weymark (1991). John C. Harsanyi named it "Theorem
V’ in his 1955 publication
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8.2 Amartya Sen’s social welfare functionals

In 1951 Kenneth Arrow published his now-famous dissertation ’Social choice and
individual values’ (Arrow 1951) where he proved the impossibility to aggregate indi-
vidual preferences to a ’social preference’ in a way to fulfill certain sensible properties,
assuming the impossibility to interindividually compare these preferences beyond their
simple ranking (p.59).

In his critical engagement with these ideas, Amartya Sen (Sen 1970, 2017)
developed his concept of the ’social welfare functionals’ (Ch. 8*2, p. 185).

Instead of assuming, like Kenneth Arrow, that individual ranking preferences are to
be aggregated by a ’social welfare function’ (his terminology), Amartya Sen proposed
to use the "utility’-functions, mapping ’social states’ onto real values as starting point
and to derive the ranking relation thereof by a ’social welfare functional’, allowing for
a richer theoretical framework of measurability and comparability assumptions.

Tweaking the requirements for the equivalence conditions can be used to distin-
guish ordinal and cardinal measurement conditions as well as different intersubjective
comparability conditions (see d’Aspremont and Gevers 2002, for a recent summary).
On this basis, Amartya Sen developed the concept of partial comparability (Sen 1970).

Focusing on partial comparability, Amartya Sen reframes the problem of interper-
sonal aggregation of welfare indicators as being inherently incomplete, value-laden,
and context-dependent. He replaces the overly pessimistic 'impossibility’ result with
a more realistic view of what social evaluation can be achieved — while accepting that
some indeterminacy is unavoidable.

Later Claude d’Aspremont and Louis Gevers extended Amartya Sen’s work in
d’Aspremont and Gevers (1977) further and defined classes of admissible utility
transformations, asking which social welfare orderings remain invariant under those
transformations. Kevin W. S. Roberts (Roberts 1980) then provided a rigorous rep-
resentation theory for informational assumptions, characterize all compatible social
choice rules. Together their contribution was to make Amartya Sen’s concept of
social welfare functionals mathematically exact, exhaustive, and usable as a general
framework for axiomatic welfare economics.

To summarize, in Amartya Sen’s framework, interpersonal comparability is an
input, a parameter of the social welfare functional that the analyst specifies. In the
present paper it is an output, a derived property of monetary interaction under the
comparable valuation condition. As shown formally with proposition 3, our conceptu-
alization of money in fact supports the ratio-scale full comparability (RFC) condition,
of which cardinal full comparability is a special case in the d’Aspremont-Gevers
framework; the two aggregation results of Sections 6.2 — 6.3 are based on this property.

9 The relation to traditional welfare economics

In his highly influential textbook "The Economics of Welfare’, Arthur C. Pigou draws
a strong connection between our welfare and the purpose of economics as a science:
(Pigou 1920, p. vii) "The complicated analyses which economists endeavour to carry
through are not mere gymnastic. They are instruments for the bettering of human life.
The misery and squalor that surround us, the dying fire of hope in many millions of
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European homes, the injurious luzury of some wealthy families, the terrible uncertainty
overshadowing many families of the poor— these are evils too plain to be ignored. By
the knowledge that our science seeks it is possible that they may be restrained. Out of
the darkness light! To search for it is the task, to find it, perhaps, the prize, which the
“dismal science of Political Economy” offers to those who face its discipline.”

Welfare economics suffers particularly from any restriction of intersubjective com-
parison. It is simply not possible to do welfare economics without weighing the welfare
of different subjects against each other (Drakopoulos 2024).

At the beginning of the 20th century, leading economists like Alfred Marshall, who
pioneered the use of consumer surplus as a monetary measure of consumer welfare,
still believed that utility could be cardinally measured, as did Arthur C. Pigou who
treated utility as a quantifiable variable and assumed that interpersonal comparisons
of well-being were valid and necessary.

With the rise of scientific positivism and behaviorism, this perspective came, as
we mentioned already, to be increasingly discredited within mainstream economics
as ’unscientific’ and the view spread that the ordinal structure of our preferences
prohibits any intersubjective comparison.

9.1 Pareto efficiency: avoiding interpersonal utility comparison

Vilfredo F. Pareto (1848-1923) was the first to make the distinction between “ordinal’
and ’cardinal’ utility and introduced the idea to handle the analysis of economic
equilibria with ordinal utility (Aspers 2001).

Following his contributions, a feasible allocation of resources is now termed
"Pareto-efficient’ if no other such allocation exists that makes some consumer better
off without making some other consumer worse off (Mas-Colell et al. 1995, p. 313).
In this sense, a Pareto-efficient state is a state that cannot be changed further on
a strictly voluntary basis, as it provides every single participant with a veto against
unfavorable changes from its perspective. Obviously, an intersubjective comparison of
preferences is unnecessary to determine Pareto efficiency.

So, Pareto efficiency says very little about the desirability of any distribution. Even
allocating all wealth to a single person could result in a Pareto-efficient outcome after
the fact, if this single person prefers not to share.

The supposed relevance of the concept of Pareto efficiency was underscored by
the designation of two so-called 'welfare theorems’ until the 1950s which were based
directly on this concept. The first states that under ideal conditions (complete infor-
mation, perfect competition) market mechanisms lead to a Pareto-efficient outcome,
that is a price vector that equalizes supply and demand (e.g. Mas-Colell et al. 1995,
Section 16C). The second states that any Pareto-efficient allocation can be reached
as a competitive equilibrium for some initial set of endowments (e.g. Mas-Colell et al.
1995, Section 16D). Together they indicate that the concept of Pareto efficiency is
equity-agnostic in that equity and Pareto-efficiency are not necessarily trade-offs.

But, as both theorems are actually only faintly related to 'welfare’ in a colloquial
sense, we share the view of Martin J. Osborne and Ariel Rubinstein (Osborne and
Rubinstein 2023, p.131ff) who refrain from using these terms, as they “regard the word
‘welfare’ as tnappropriate in the context of the result.”
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For Pareto efficiency to tell us anything sensible about distribution, it would be
essential that the initial allocation against which improvements are measured has
already been reached on a completely voluntary basis. However, as history shows,
this is rarely, if ever, the case. In fact, it is well-known from both a theoretical and
empirical perspective that Pareto efficiency is a poor model for human decision-making
(Myerson 1991, p. 98).

To give some simple examples: Why should we not take away the money that a
thief has stolen? Why should we not redistribute money distributed by mechanisms
realizing any fairness model only to a very limiting extent, perhaps even invalidating
our desired money semantics to make our material preferences intersubjectively com-
parable? Why should we not be able to correct the effects of erroneous preferences,
even against the beneficiaries of the errors?

The insight that the Pareto-efficiency property of market mechanisms — that is,
the way they distribute the social payout — depends on the assumption of total volun-
tariness also implies that the design and enforcement of markets cannot be delegated
to the market mechanism itself.

We agree with Amartya Sen (Sen 2008) that the wide acceptance of the Pareto
criterion in economics as a model for ’rational behavior’ seemed to be a direct
consequence of the denial of the possibility to interpersonally compare preferences:
economics became a doctrine to justify the economic status quo, one that obscured
the potentially severe societal consequences of invalid markets and even removed the
issue of social justice from the economic agenda, culminating in Friedrich Hayek’s
dismissal of social justice as “strictly empty and meaningless” (Hayek 1976, p. 68).

Interestingly, if we accept Hayek’s conclusion — that the impossibility of intersub-
jective preference comparisons entails the non-existence of social justice — then by
contraposition, the very meaningfulness of social justice implies that such compar-
isons must be possible. Accepting the obvious relevance of social justice as a concept,
we can — with the help of Friedrich Hayek’s valid conclusion — prove that interpersonal
comparison of subjective preference must be somehow possible. Our result provides
one such form, grounded in exchange structure rather than normative stipulation.

9.2 Valuation as ’willingness to pay (WTP)’

In standard welfare economics, WTP is used to measure how much money an indi-
vidual would give up for a good or change and thereby infer preference intensity
from monetary choices. It underlies tools like cost—benefit analysis or compensating /
equivalent variation.

But traditionally, WTP is viewed as problematic for interpersonal comparison, as
€10 from a poor person is not equal to €10 from a rich person in welfare terms.

As WTP does not measure "utility’ directly but also reflects budget asymmetries,
the standard critique is therefore, that it cannot serve as a common scale across
individuals. Hence, willingness to pay is viewed as a pragmatic but theoretically
problematic approach.

With our model, we see that the problem with WTP is not fundamental, but it
arises from unequal economic conditions. We show that if you impose the condition
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of ’comparable valuation’, then WTP becomes a valid signal for material preference
intensity across individuals.

This vindicates Alfred Marshall who — 100 years earlier — emphasized, “the money
which people of equal incomes will give to obtain a benefit or avoid an injury is a
good measure of the benefit or injury” (Marshall 1920, p.15-16). And it supports Eli
Cook (Cook 2025) who coined the term ”Willingness to Pay Without Apology” for
his critique of this ignorance of wealth effects, citing N. Gregory Mankiw’s highly
influential contemporary textbook as a prototype (Mankiw 2024, p. 134).

As a consequence, this perspective places the limits of the valuation concept into
the center of the discussion, as our money model inherits all strengths and limitations
of the preference model. To make money do its work, we do not have to assume stable,
ever lasting, globally complete and transitive preference. We only need sufficiently
structured and representable preferences within any given interaction context.

The money mechanism only claims to operationalize whatever preference struc-
ture exists. So: if preferences are context-sensitive, money becomes context-sensitive;
if preferences are socially constructed, money operationalizes socially constructed val-
uation; and so forth. The monetary layer cannot be ’cleaner’ than the preference layer
beneath it.

As pointed out by Cass R. Sunstein (Sunstein 2025), our valuation can vary enor-
mously in time for a variety of reasons. Amartya Sen underlined in (Sen 2017, p. 30)
the ”malleability of mental attitudes”. Kenneth Galbraith emphasized the creation
of wants in his book "The Affluent Society’ (Galbraith 1958) where he calls (p.156)
"modern want creation” to be “the most obtrusive of all economic phenomena”. And
for preference construction and context-dependent preferences, see also (Lichtenstein
and Slovic 2006; Tversky and Simonson 1993).

We would also like to mention Marc Fleurbaey and Frangois Maniquet’s (Fleur-
baey and Maniquet 2011) theory of fair monetary valuations that is consistent with
ordinal preferences and budget constraints. Our result is complementary: we show that
monetary valuations support meaningful interpersonal comparisons specifically when
budget constraints are equalized — the same condition that fair income equivalent
approaches implicitly require.

One widely used analytical tool within welfare economics that is based on WTP is
cost-benefit analysis (CBA) which evaluates policies by summing up individuals’ WTP
and subtracting their collective costs. As CBA rests on the same implicit assumptions
as WTP it inherits the same vindication under the comparable valuation condition.

For the important difference between collectively maximizing our preference fulfill-
ment and the much more complex aspect of collectively maximizing welfare, we refer
to our discussion in Section 10.2.

9.3 Measuring utility differences with money metric functions

John R. Hicks (Hicks 1939) introduced so-called 'money metric functions’ to measure
utility differences with money, either by the amount of money needed to compensate
a subject to reach its original utility after a change in prices, termed ’compensating
variation’, or by the amount of money needed to achieve an equivalent utility change
as the actual price change, evaluated at old prices, termed ’equivalent variation’.
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Despite the fact that money-metric utility provides mappings m;(z) only for the
i-th individual to their personal income equivalent of utility in state x, these values
are usually added together to calculate a social welfare function W(x) = >, m;(x).

Our contribution is to deliver the economic conditions, namely the ’comparable val-
uation condition’ which justifies this summing by making money a common yardstick
across individuals, eliminating the relevant economic differences between people.

10 Starting points for broadening the perspective of
welfare economics

The preceding sections established the formal core of our argument: money, under-
stood as a role-based interaction mechanism, generates intersubjectively comparable
valuations under precisely characterizable conditions. Accepting this result, however,
forces a set of broader questions that standard welfare economics has largely set aside.

Section 10.1 situates our money model within a philosophy-of-science perspective
on what models are and do, clarifying both the force and the limits of our uniqueness
result. Section 10.2 addresses the most consequential implication: since preferences
model free decisions rather than well-being, market-aggregated utility measures com-
parative want-satisfaction, not welfare in any richer sense. Section 10.3 extends the
trade model to the employment relationship, where the seller acquires a discretionary
"internal valuation," yielding new insights into reservation wages and recursive fairness
preferences. Section 10.4 examines substitutability as the foundational assumption
of the one-dimensional utility representation: where it fails, the money mechanism
loses its comparability properties. Finally, Section 10.5 explores the tension between
money’s "tool" function as a social coordinator and its "drug" function as a reward
mechanism capable of tainting the preferences it is meant to express — framed through
the complementary principles of Athena-Invariance and Hermes-Desire.

10.1 Models as our mean to differentiate between true and false

To fully understand the relevance of our contribution, a short excursion on our
understanding of a model is probably helpful.

We understand a model in the sense of mathematical model theory (for example,
Ebbinghaus et al. 1996) as what is needed to evaluate a proposition as being true
or false. Thereby ’having a model’ becomes a necessary precondition to 'understand
something’. Models in this sense do not 'mirror’ a somehow given reality, as is often
formulated (see, for example, Argyris 1960, p. 5), but represent what of the world is
accessible to our mind (German: "Verstand’) in this sense. Models themselves are not
true or false, but only more or less appropriate or practically useful. Apart from the
requirement not to permit the derivation of contradictory propositions, we thereby
have a certain leeway in how we understand the world.

Thus, we cannot force anybody to accept our money model, but if we do not adopt
it as the base for our understanding of how the money mechanism operates and opt
for some other model, we have to live with the consequences, as we lose certain — in
our view quite important — explanatory features.
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Under this perspective, the fact, that there is just one way to represent our
preferences as a utility function that fulfills all the requirements of our interaction/-
coordination model of the economic subject does mean that there is exactly one way
to understand money if we want to use it to intersubjectively compare preferences in
the proposed way.

10.2 Where to place ’utility’: free decisions versus well-being

Another far-reaching consequence of this model perspective is that we have to
decide which meaning we want to attribute to the term ’utility’. Economics has
long used the word ’utility’ in at least two senses. The first, following Samuelson’s
revealed-preference program, takes preferences and thereby utility as the explanatory
component of what a subject chooses, agnostic about whether the choice is good for
the subject or not. The second, going back to Bentham and revived in the ’experienced
utility’ literature (Kahneman et al. 1997), takes utility to represent what is actually
good for the subject — her well-being, independent of what she happens to choose.

Daniel Hausman argues in (Hausman 2011) that these two notions are routinely
conflated in welfare economics, and that this conflation is not harmless. Amartya Sen
made the choice-theoretic half of the same point earlier in 'Rational Fools’ (Sen 1977),
arguing that a purely choice-based concept of preference is too thin to ground welfare
judgments.

We introduced preferences to fill the leeway provided by the nondeterminism of
our interactions as a model for how we decide, very much in the sense of Sarah
Lichtenstein and Paul Slovic (Lichtenstein and Slovic 2006), who even think that
"preference construction is now viewed as the core problem in decision making”.

They are therefore not a measure of our well-being. In our model, the meaningful
statement "I prefer A over B because A is more in my true self-interest than B” is not
a tautology. In fact, any identification of our preferences with our well-being would be
a contradiction to our assumption of freedom of decision, as it is an essential element
of this assumption that we have the ability to take decisions that are obviously — at
least from the point of view of almost any external observer — against our genuine
self-interest. That is, in our model, the proposition 'I prefer A over B, because A is
more in my true self-interest than B’ is no tautology.

It follows that price signals, willingness to pay, and the total utility maximized by
a valid market are claims about aggregated comparative wants, but not about wel-
fare. And what people comparatively want depends greatly on their social context,
experience, and conditioning. It seems possible to bring quite intelligent people, put in
some appropriate social context, to agree almost unequivocally on the strangest pur-
poses. As an extreme example: When Joseph Goebbels publicly asked, at a mass rally
in Berlin’s Sportpalast on February 18, 1943 — only weeks after the German military
catastrophe of Stalingrad — "Do you want total war?”, he received an unequivocal,
massive "Yes!’.

One likely reason is that the preference model grasps the structure of our mind only
very superficially. Following Daniel Kahneman (Kahneman 2011) and distinguishing
a fast, instinctive and a slow, thoughtful modus of thinking, a simple way of manip-
ulating our preferences would be to address our instinctive over our thoughtful way
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of thinking. Important examples for such manipulations can be found in the advertis-
ing industry or in the so-called ’social media’. Especially the latter even amplifies our
instinctive thinking on a global scale by many feedback mechanisms, like presenting
more content that has shown to be effective in triggering instinctive thinking.

Statements like “consumer surplus measures well-being gains” are not just empir-
ically contestable, as critics have long noted — within our model they are category
errors, since they ask money to do something only the welfare interpretation of util-
ity could license, while money’s comparability properties (Theorem 2) depend on the
decision interpretation holding. The composition-consistency result that makes money
a meaningful comparison device is the same result that forbids reading its output as
direct measure for welfare.

In one sense, our result delivers what welfare economics has long sought: a struc-
tural grounding for interpersonal preference comparisons. In another, it forecloses
the very interpretation that would make such comparisons directly welfare-related —
since the same model that licenses comparison prohibits reading its output as a direct
welfare measure.

We actually see this as a strong justification for welfare economics to broaden
its scope in the sense of Arthur C. Pigou which is already ongoing, as the extensive
discussion demonstrates about indicators other than GDP to better assess societal
prosperity in a more holistic sense (e.g. Stiglitz et al. 2009).

In our opinion, the impossibility to interpret preference-based utility as a direct
measure for welfare and have the proposed money model at the same time, signals that
welfare economics is not about determining the one and only real-valued parameter
which has to be optimized and everything is fine forever. But instead it should also
focus on these validity questions: Are our market mechanisms really valid? Do our
preference really provide evidence concerning what makes us better off? What is the
role of economics in a broader social picture of hierarchically preferred things like
freedom, education, etc.?

Not taking into account that aggregated preference are not necessarily a welfare
indicator incurs a substantial risk that “cost-benefit analysis and other techniques of
welfare economics may be misapplied”; as Daniel Hausman (Hausman 2011, p. 136)
formulated.

10.3 Extension to trading labor

One important topic, a broadened welfare economics should definitely focus on, is
the relevance of our labor for our welfare. This leads us to a simple but important
extension of our money-based trade model if we look at the simple question: how do
we trade our labor?

As Karl Marx suggested (Marx 1849, p. 399), like sugar? That is, as any other
substitutable commodity without reference to our genuine interest in the task? Then,
our current model of a trade would suffice: as a seller of our labor, that is, as an
employee, our salary would be our revenue, our expenses for reproduction would be
our costs, the difference would be our utility, and we would be completely indifferent
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towards what we do. The less we work the larger would be our utility. As a logical con-
clusion, collective utility would be maximized, if we could eliminate labor altogether
— the authors would never have taken the effort to write this article.

Does this make sense? How do we delineate sensibly between reproductive and
other costs? How do we classify child-related expenses? Why does this article exist?
Compared to selling an apple, which takes place in a virtual second, our labor time
is an essential part of our life. Should our model not be able to accommodate our
preferences for certain types of work over others?

10.3.1 The discretionary component of the employee’s decision

One approach to find answers to these valid questions is to simply extend our model
with a discretionary component also on the seller’s side, the employee, symmetric to
that of the buyer, the employer.

Then, the employee’s cost term no longer reflects purely objective facts; instead,
it represents an ’'internal valuation’ — a minimum acceptable salary below which the
employee would decline the work. The more the employee prefers the job, the lower
the minimum salary the employer will at least have to pay for it.

This minimum acceptable amount of money is also called the 'reservation wage’
in the literature (Mortensen 1977). A low reservation wage signals a strong preference
for the job, provided that the decision is truly free. Under forced circumstances, it
may just imply the fact that the person desperately needs money ’at all costs’.

This simple model has some interesting consequences. First, labor markets do not
work the same way as markets for ordinary goods, which is already common sense in
behavioral economics (Dohmen 2014). The internal valuation also plays a significant
role in the explanation of unemployment (Krueger and Mueller 2016).

It also explains the fact that the higher an employee (internally) values his job,
the larger some incentive, like severance pay, must be for him to give it up voluntarily.

Further, as with selling ordinary goods, the total utility can be influenced by both
participants. The employer by creating a productive environment where it makes
economically sense to pay an employee a lot of money — that sounds ok; and the
employee by preferring this work so much that he is willing to do the job for almost
nothing, even negative amounts are conceivable — that sounds strange. At first glance,
it may seem that this inverse relation enforces an indemnification semantics on every
salary where high salaries can only be achieved if they compensate for all the scourges
of the job.

But in reality, bad jobs are usually poorly paid. And on a second glance we see
that the valuation of the employee does represent only the lower boundary of the
possible salary range and not the salary itself. The actual salary will depend to a large
extent on the price determination mechanism — and in particular on two recursive
mechanism, that we discuss in the next section.
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10.3.2 Two recursive mechanisms determining our preference for
work

We would like to mention two possible effects of recursive preference relations'?, both
of which possibly have important effects on salary levels.

We first consider an employee with a higher-order preference for local fairness.
Let us assume that an employer has to offer a job that she values at €130,000. The
employee has an initial valuation of €10,000. Knowing little about each other, the
employer and the employee agree on an initial salary of €20,000 and the employee
starts working.

After a while, the employee discovers that the employer’s valuation is in fact
€130,000 and, therefore, a fair salary would have (initially) amounted to €70,000.
What sum would this employee have to demand in order to remain in the company? If
he claims €70,000 as the minimum salary to stay in the company, he, in fact, relates to
his own, older valuation of €10,000 — which has just changed to €70,000. So, assum-
ing €70,000 as minimum acceptable salary, a fair salary would amount to €100,000,
and so on and so forth. The preference relation becomes recursive and the fixed point
is the employer’s valuation, in this case €130,000.

Formally, the following proposition holds:

Proposition 4 Let Er be an employer and Ee an employee. Er wvalues the work of Ee
with val?". Ee values his own work initially with valéﬂe < valfr. Additionally, Ee has a
hierarchical fairness preference, such that he does not work for a salary that he perceives as
unfair according to eq. (10).

Assuming Ee knows val®" then a recursive process starts where the negotiated salary has
val®" as fized point, resulting formally in limnﬂooutilf{;e = limnﬂooutilf{;r =0.

Proof For the proof we calculate the employee’s valuation from eq. (10) in the n — th step

as valZe = val®" Z?:_ll 2% + valéﬂe 27}71- As the sum of the first summand converges to 1,
the fraction of the second summand converges to 0, the stated proposition holds for the limit
n — 00.

O

In the limit, the internal valuation of the employee corresponds exactly to the
external valuation of the company. The utility of both employer and employee shrinks
to zero. This just means that both the employee and the employer achieve what they
prefer most: for the employee that he is treated fairly and for the employer that she
reaches her business goals — the usual case for organizations that are not owned by
someone, like associations, foundations, etc.

This interesting constellation shows nicely the limit of the concept of a one-
dimensional utility in case of hierarchical preferences, in this case with respect to our

13According to our knowledge, recursive preferences were introduced to economics by David M. Kreps
and Evan L. Porteus (Kreps and Porteus 1978) and Larry Selden (Selden 1978) to distinguish the separate
roles of time and risk. See also the work of Larry G. Epstein and Stanley E. Zin (Epstein and Zin 1989)
and Philippe Weil (Weil 1990).
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labor. How should welfare economics take this into account, that a utility value of
zero signals an optimal outcome?

We think that this leads the way to a completely different interpretation of the
employee’s remuneration. We can understand employment not as a periodic trade
of labor versus money, but as a membership in an organization which the employee
becomes a logical part of, and the remuneration not as costs for the organization,
but as the employee’s share of the organization’s collectively generated utility — an
interpretation that is strongly supported by the role of the employees’ salaries in the
GDP-calculation, and which could explain the huge horizontal wage dispersion across
different organizations to a certain extent (Mortensen 2023).

Another recursive relation, this time between the preferences of the employer and
the employee, might be created by a dependency of the external valuation of the
employer on the internal valuation of the employee. The employer might expect that
an employee who highly values doing a task will on average perform this task better
than another one with lower internal valuation. In this case, it would make sense for the
employer to valuate employees with higher internal valuation higher than employees
with lower internal valuation, although the latter would possibly start working only
for higher salaries.

10.4 Substitutability

As we showed with our price determination for our work under local fairness con-
ditions, utility representations of our preferences break down under hierarchical
conditions. In fact, John S. Chipman pointed out in 1960 (Chipman 1960) that substi-
tutability is the essential property for a one-dimensional real-valued utility measure.
So, another essential structural aspect of our money model with its one-dimensional
real-valued utility measure is therefore the substitutability of all goods where our
monetarily expressible preferences are directed at.

Indeed, the illegitimately enforced interchangeability of things that are actually
hierarchically preferred permits the extraction of arbitrarily high prices, capped only
by the buyer’s budget: what would we think of a skipper who, in the middle of the
ocean, spots a man adrift, clinging to a plank, and only begins rescuing him after the
wretched ’'voluntarily’ hands over his entire fortune? According to our money model,
invoking the concept of utility in such a case to justify prices is simply a blatant
misuse of economic terminology to disguise outright plunder.

This example is not that far-fetched. In Germany, the pharmaceutical industry
can unilaterally set the price of a new drug for the first year. For new, so-called
‘personalized therapies’, the industry justifies prices of up to one million euros not
with the costs, but with the ’benefit’ it creates for the individual patient (Roéhrlich
2018).

In fact, with the money mechanism, we partition our world into what can be coor-
dinated through exchange and what resists coordination through exchange. With the
money mechanism we not just compare values, but we define what counts as com-
parable. Money constructs a partial space of comparability, and outside it there is
no coherent scalar measure of trade-offs at all. Thus, the scope of comparability is
itself an outcome of institutional structure in the sense of Karl Polanyi (Polanyi 1944)
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who emphasized that commodification is always socially constructed and thereby
politically contestable.

As a concrete policy implication regarding economic inequality: the greater the
inequalities, the more cautious we should be in using money as a welfare metric or
market-based allocation if fairness is important.

And finally, there are many, highly valued things, many of them 'immaterial’, that
we cannot buy directly, like health, education, freedom, democracy, peace, etc. Thus,
from a monetary perspective, we live in an ’indirect society’.

10.5 The drug versus tool effect of money

As most economists would probably agree, without truly free decisions, the whole
field of economics would become superfluous. By contraposition, the evident vitality
of our economy could be interpreted as evidence of truly free decisions. It is no coin-
cidence that especially economists seem to stress our capability to make truly free
decisions. Actually, the dominance of the Pareto-efficiency concept in economics could
be interpreted as a grotesquely exaggerated relevance of our freedom of decision.

As freedom of choice is something people value very highly, and economic theory
actually presupposes it, to preserve it should be a natural target for welfare economics.
What circumstances enhance, and what circumstances diminish our decision freedom
are obviously very relevant economic questions.

The conceptual impossibility to fill the leeway of our freedom of decision with our
self-interest indicates the complexity of this topic. Additionally, as we have seen: what
seems a free decision in one interaction could be, and in fact often is, determined by
within-subject coordination with another interaction.

When some of our economic interactions start to determine our actions, the first
thing we lose is our social coordination ability. Poverty is a good example, as Karl Marx
accurately noted when he wrote in (Marx 1894, p. 828): "The realm of freedom begins,
in fact, only when the work determined by necessity and external expediency comes
to an end'*.” In the same direction goes Amartya Sen’s understanding of poverty as
capability deprivation (Sen 2017, p. 25).

The very fact that money can both strongly support social coordination and,
through the same mechanism, drag us into desolate slavery'® is itself strong evidence
for the relevance of the subject of freedom of choice for economics.

Taking a step back, we find another link between money and the subject of our
freedom of choice noticing that this freedom can not only be severely abridged by
external coercions, but also, without doubts, internally, namely by drug addiction as
described by Wolfram Schultz (Schultz 2011). In our model of the mind, the disastrous
consequences of drugs are reflected in a manipulative change in the preferences of the
drug addicted, we name ’tainting’.

What has money to do with drugs? Stephen E. G. Lea and Paul Webley (Lea and
Webley 2006) distinguished between the ’drug aspect’ and the ’tool aspect’ of money.
The tool aspect is clear, as it comprises its support of our coordinative abilities.

14German original: "Das Reich der Freiheit beginnt in der Tat erst da, wo das Arbeiten, das durch Not
und duflere Zweckmajigkeit bestimmt ist, aufhort.”

5A more academic expression would perhaps be ’engender severe dependency’, but this does not convey
the appropriate existential connotation to remove virtual all individual freedom.
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But these authors argue that there remain some phenomena related to our behavior
towards money that can much better be accounted for by assuming that money works
by mimicking “the neural, behavioural, or psychological action of some other, more
natural incentive”.

How does money affect our preferences according to our model? There are two well-
known simple consequences from the linear utility representation of money (see e.g.
Mas-Colell et al. 1995, p. 45) that relate directly to the tension of the money concept
as described by Stephen E. G. Lea and Paul Webley. To emphasize their importance,
we name one with ’Athena’, goddess of wisdom in ancient Greece, who unwaveringly
pursues what is right and is naturally not swayed by money and gold — and the other
one with "Hermes’, god of trade and merchants.

Athena-Invariance: if someone is indifferent with respect to two bundles x,y € R",
x ~ y, then any additional amount of money (component 1) does not change that:

(x4 aer) ~ (y+ aer) ,Va € Rye; = (1,0,...,0) (12)

Hermes-Desire: Money (component 1) is desirable in the sense that everything else
constant, we prefer more money over less money:

(x + aer) = (z) ,Va >0 (13)

If money worked according to our model, then by Athena-Invariance it should
not influence our preference relation of material goods and by Hermes-Desire, ceteris
paribus it should always be better to have a bit more than a bit less money. These
two principles do not contradict, but complement each other well in a delicate balance
and capture, what our money-intuition is about.

One known mechanism by which money can taint our preferences is to work as a
reward. In psychology, a reward is defined as an external stimulus that is supposed to
reinforce an otherwise spontaneously occurring behavior in simple learning situations,
called classical (Pavlovian) and operant conditioning'®. Newer research shows, that it
is the discrepancy ('prediction error’) between the reinforcer that is predicted based
on a stimulus and the actual reinforcer which determines learning by reward (Waelti
et al. 2001; O’Doherty et al. 2003).

A reward’s effectiveness for learning is bound to a certain degree of freedom neces-
sitating the internal construction of the prediction model. It entails a strong tendency
to shift the motivation to act from internal sources to the reward as an external source
(Deci and Ryan 2000), which is, by definition, a change in our preferences.

Scientists have identified the neural subsystem concerned with this type of learning
and call it the ’reward system’ (Schultz 2015) and here is where the respective drugs
unfold their catastrophic effect. It is a core part of our complex autoregulation system
providing us with our autonomy, why we find the term ’autoregulation system’ much
more appropriate.

16To contrast this phenomenon to an externally provided confirmation of the veracity of a subject’s
behavior and thereby a reinforcement of the subject’s internal source of motivation, the latter could be
named a 'recognition’.
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Due to Hermes-Desire, money is particularly well-suited as a reward. And due
to Athena-Invariance we perhaps have a sensitive schema to detect preference taint-
ing. From this perspective, the broad introduction of reward-oriented compensation
schemes in the tradition of the highly influential economists Michael C. Jensen and
William H. Meckling (Jensen and Meckling 1976, 1994), especially for top manage-
ment — holders of the most consequential positions in the private economy, becomes
highly problematic, a fact that is also intensively discussed in the literature (e.g. Frey
and Osterloh 2005).

As truly free decisions play such an important role for the functioning of our
economy, it would be worthwhile for welfare economics as a science to come up with
systematic approaches for fostering this capacity in us and certainly not to diminish it.
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Appendix A Document classes, modes, and
parameters for transitions

To describe more complex roles efficiently, we introduce a certain abstraction by sum-
marizing the elements of the transition relation in equivalence classes (Reich 2022).
While this may appear somewhat technical, the practical example in Section 3 should
render it straightforward. Its main idea is that we can describe the interactions not by
the exchange of characters, but by the exchange of documents, that we are all familiar
with.

The key idea is to create equivalence classes that preserve the time structure of
the transitions by identifying a combination of document classes, the most relevant
state value components, and additional conditions in a way that we can still attribute
one set of entities to time ¢ (like ¢ and p) and the other entities to t' = successor(t)
(like 0 and q).

We introduce three injective functions:

1. parsern: TUO — DocCls x Param ;o assigns each character a € IUO a document
class docCls(a) € DocCls and a value of a parameter set paramjo(a) € Param ro.
We can thereby regard each I/O character of a decision system as an element of
some document class that represents certain parameter values.

2. parseg: Q — Qmode X Qrest assigns each state value ¢ € ) a mode component
mode(q) € Qmode and a rest component rest(q) € Qprest.

3. parsep: D — DCls x Paramp assigns each decision value d € D a decision class
component dCls(d) € DCls and a value of a parameter set paramp(d) € Paramp.
We can thus regard each decision as an element of a given decision class that
represents certain parameter values.

And we introduce a set of conditions cond as functions
condcis(dy,mode(p),docCls(i) - Paramp X Qrest X Paramro — {true, false}, which, for
each decision class, mode and document class, evaluates the values of the remaining
state and the parameters of the decisions and input documents to either true or false.

With these tools, we now define the desired equivalence relation:

Definition 3 Two transitions ¢, € A are equivalent, symbolically ¢t ~ t’, if their values
for the decision and document classes, the modes, and the condition are equal, that is, iff
dCls(d) = dCls(d'), docCls(i) = docCls(i'), docCls(o) = docCls(0"), mode(p) = mode(p'),
mode(q) = mode(q'), and

ConddCls(d),mode(p),docCls(i) = ConddCls(d’),mode(p’),docCls(i’)‘

Thus, with dCl1s(d), mode(p), docCls(i), and condycis(dy,mode(p),docCis(i) We explic-
itly relate the transition equivalence to all possible values of (p, d, %) at time ¢ and with
mode(q) and docCls(o) we ignore rest(q) and param(o) at all times ¢’ = succ(t).

Instead of the set of all transitions of a single equivalence class A; we also write:

(dCls(d),docCls(i),condgqcis(d), mode(p),docCis(i))/docCls(0)
mode(p) mode(q) (A1)
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To help recognize decisions, mode values, and document classes, we prefix all
decision names with an ’Q’, put all mode values in small caps, and write all document
classes with an initial capital.

We can now say that, for example, a seller who receives a purchase order document
Order from a customer decides @Accept to accept the order and passes accordingly
from mode value LISTENING to ORDERED, provided that the customer is assessed as
trustworthy, and, accordingly, returns a confirmation document Confirmation and
notate this as:

(@Accept, Order,isTrustworthy)/ Confirmation
LISTENING ORDERED

It is important to keep in mind that, unlike the p lﬁ; q notation, which denotes a
single transition, Eq. (A1) denotes a whole class of equivalent transitions.

Appendix B Proof of Lemma 1

Here, we supplement the proof of our main technical lemma which we skipped in the
main text body.

Lemma 1. Let f be a real monotonic function such that whenever a,b,c € R with
a>b>cthen f(a—b)+ f(b—c) does not depend on b. Then f is a linear function.

Proof If we choose b = (a + ¢)/2 we see that

fla=b)+ f(b—c)=2f((a—c)/2). (B2)
This value even depends only on a — ¢ and not on a and ¢ individually. As f(a—b)+ f(b—c)
is supposed not to depend on b at all, equation (B2) holds for every b.
Substituting x = a — b and y = b — ¢ we can rewrite this as

M .y (““"T’Ly) for all 2,y > 0 . (B3)

That is, the mean of the function values of z and y equals the function value of the mean of
x and y. This is certainly fulfilled by every linear function, but conversely it is also true that
every monotonic function fulfilling this condition is linear.

We first show the linearity for rational coefficients and in a second step extend this result
to general real numbers. W.l.o.g. let f(0) = 0 (The general case with f(0) # 0 can be reduced
to this one by taking g(z) = f(x) — f(0) and looking at g instead of f.)

f(nz) = nf(z) for all z > 0 and n = 0,1,2,... follows by induction: The cases n = 0
and n = 1 are trivial, by our assumption f(0) = 0. For the inductive step, let n > 1 and
set © = 2nz and y = 2z in equation (B3). Then the right-hand side simply is f (%) =

f((n+1)z), whereas the left-hand side becomes f(2nz)2+f(2z) = 2nf(z)2+2f(z) = nf(z) +
f(z) = (n+1)f(2) (using the inductive hypothesis).

By substituting z with Z in f(nz) = nf(z), we get f (%) = @ for all z > 0 and
n = 1,2,.... Combining this with the above we obtain f(gz) = ¢f(z) for any rational
coefficient ¢ = ¢ (with m,n = 1,2,3,...). In particular, we have f(q) = ¢f(1) for any
rational q.

To extend the result to general, real coefficients  we use the monotonicity of f: Namely

we have f(r) > f(q¢) = qf(1) for any rational ¢ < r which shows that f(r) cannot be

44



smaller than rf(1) and, likewise, we find that f(r) cannot be larger than rf(1) either, hence

flr) =rfQ1). O
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